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INTRODUCTION 


A simple theory of invariants for the modular forms and linear 
transformations employed in the theory of numbers should be 
of an importance commensurate with that of the theory of 
invariants in modern algebra and analytic projective geometry, 
and should have the advantage of introducing into the theory 
of numbers methods uniform with those of algebra and geometry. 

In considering the invariants of a modular form (a homo- 
geneous polynomial with integral coefficients taken modulo p, 
where p is a prime), we see at once that the rational integral 
invariants of the corresponding algebraic form with arbitrary 
variables as coefficients give rise to as many modular invariants 
of the modular form, and that there are numerous additional 
invariants peculiar to the case of the theory of numbers. More- 
over, nearly all of the processes of the theory of algebraic in- 
variants, whether symbolic or not, either fail for modular in- 
variants or else become so complicated as to be useless. For 
instance, the annihilators are no longer linear differential oper- 
ators. The attempt to construct a simple theory of modular 
invariants from the standpoints in vogue in the algebraic theory 
was a failure, although useful special results were obtained in 
this laborious way. Later I discovered a new standpoint which 
led to a remarkably simple theory of modular invariants. This 
standpoint is of function-theoretic character, employing the 
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values of the invariant, and using linear transformations only in 
the preliminary problem of separating into classes the particular 
forms obtained by assigning special values to the coefficients of 
the ground form. As to the practical value of the new theory as 
a working tool, it may be observed that the problem to find a 
fundamental system of modular seminvariants of a binary form is 
from the new standpoint a much simpler problem than the cor- 
responding one in the algebraic case; indeed, we shall exhibit 
explicitly the fundamental system of modular seminvariants for a 
binary form of general degree. 

It will now be clear why these Lectures make no use of the 
technical theories of algebraic invariants. On the contrary, they 
afford an introduction to that subject from a new standpoint 
and, in particular, throw considerable new light on the relations 
between the subjects of rational integral invariants and tran- 
scendental invariants of algebraic forms and the corresponding 
questions for seminvariants. Again, I shall make no use of 
technical theory of numbers, presupposing merely the concepts 
of congruence and primitive roots, Fermat’s theorem, and (in 
Lectures III and V) the concept of quadratic residues. 

The developments given in these Lectures are new, with 
exceptions in the case of Lecture I, which presents an intro- 
duction to the theory, and in the case of the earlier and final 
sections of Lecture III. But in these cases the exposition is 
considerably simpler and more elementary than that in my 
published papers on the same topics. The contacts with the 
work of other writers will be indicated at the appropriate places. 
Much light is thrown upon the unsolved problem of Hurwitz 
concerning formal invariants. 

In many parts of these Lectures, I have not aimed at complete 
generality and exhaustiveness, but rather at an illumination of 
typical and suggestive topics, treated by that particular method 
which I have found to be the best of various possible methods. 
Surely in a new subject in which most of the possible methods are 
very complex, it is desirable to put on record an account of the 


INVARIANTS AND NUMBER THEORY. 


3 


simple successful methods. Finally, it may be remarked that 
the present theory is equally simple when the coefficients of the 
forms and linear transformations are not integers, but are ele- 
ments of any finite field. 

I am much indebted to Dr. Sanderson and Professors Cole 
and Glenn for reading the proof sheets. 



LECTURE I 


A THEORY OF INVARIANTS APPLICABLE TO ALGEBRAIC AND 
MODULAR FORMS 

Introduction to the Algebraic Side op the Theory by 
Means of the Example op an Algebraic Quadratic 
Form in m Variables, §§ 1-3 

1. Classes of Algebraic Quadratic Forms. — Let the coefficients of 

77 1 

(1) ~ S fiijXiXj (J3j{ ~ (3ij) 

t,j=l 

be ordinary real or complex numbers. Let the determinant 

(2) 2>-N (u'=l,-,«) 

of a particular form q m be of rank r (r > 0) ; then every minor of 
order exceeding r is zero, while at least one minor of order r is 
not zero. There exists a linear transformation of determinant 
unity which replaces this q m by a form* 

(3) ol\x£ + • • • + oc r x r 2 («i 4= 0, • • •, oc r 4= 0). 

Indeed, if j3n =j= 0, we obtain a form lacking xix 2 , • * • , XiX m by 
substituting 

Xl — /3ii -1 (/3i2£2 + • • • + PimXm) 

for xi. If jSn = 0, fin 4= 0, we substitute a :*• for xi and — xi 
for x { ; while, if every fi kk = 0, and fin 4= 0, we substitute 
Xi + x\ for Xi) in either case we obtain a form in which the co- 
efficient of x-? is not zero. We now have aiXi 2 + <f>, where 
tfi 4= 0 and <f> involves only x 2 , • • •, x m . Proceeding similarly 
with <f>, we ultimately obtain a form (3). 

Now (3) is replaced by a similar form having a k = 1 by the 

* Note for later use that each a* and each coefficient of the transformation 
is a rational function of the /3’s with integral coefficients. 
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transformation 

Xi = ai~-xi, x m = a^Xm, Xi = x/ (i = 2, • • • , m — 1) 

of determinant unity. Hence there exists a linear transforma- 
tion with complex coefficients of determinant unity which 
replaces q m by 

(4) xi 2 + h si-i + DxJ, Xi 2 -f- h x r 2 , 

according as r ~ m or r < m. In the first case, the final co- 
efficient is D since the determinant (2) of a form q m equals that 
of the form derived from q m by any linear transformation of de- 
terminant unity. Hence all quadratic forms (1) may be separated 
into the classes 

(5) C r (D 4= 0, r = 0, 1, • • - , m — 1), 

where, for a particular number D =}= 0, the class C m> D is composed 
of all forms q m of determinant D, each being transformable into 
(4i) ; while, for 0 < r < m, the class C r is composed of all forms 
of rank r, each being transformable into (4 2 ); and, finally, the 
class Co is composed of the single form with every coefficient 
zero. In the last case, the determinant D is said to be of rank 
zero. Using also the fact that the rank of the determinant of a 
quadratic form is not altered by linear transformation, we con- 
clude that two quadratic forms are transformable into each other 
by linear transformations of determinant unity if and only if they 
belong to the same class (5). 

2. Single-valued Invariants of q m . — Using the term function 
in Dirichlet’s sense of correspondence, we shall say that a single- 
valued function <f> of the undetermined coefficients of the 
general quadratic form q m is an invariant of q m if <f> has the same 
value for all sets • of coefficients of forms q' m , q m , 

belonging to the same class.* The values v m> v r of <£ for the 
various classes (5) are in general different. For example, the 
determinant D is an invariant; likewise the single- valued func- 
* Briefly, if 4 > has the same value for all forms in any class. 
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tion r of the undetermined coefficients fa which specifies the rank 
of \fa\. 

Each consistent set of values of D and r uniquely determines a 
class (5) and, by definition, each class uniquely determines a 
value of 0. Hence 0 is a single valued function of D and r. 

Every single-valued invariant of a system of forms is a single- 
valued function of the invariants (D and r in our example) which 
completely characterize the classes. 

3. Rational Integral Invariants of q m . — If the invariant 0 is a 
rational integral function of the coefficients fa, it equals a rational 
integral function of D. For, if the jS’s have any values such 
that D 4= 0, 0 has the same value for the form (1) as for the 
particular form (4j) of the same class. Hence 0 = P(D), 
where P(D) is a polynomial in D with numerical coefficients. 
Since this equation holds for all sets of j8*s whose determinant 
is not zero, it is an identity. 

Introduction to the Number Theory Side of the 
Theory of Invariants by Means of the Example 
of a Modular Quadratic Form, §§ 4-7 

4. Classes of Modular Quadratic Forms q m . — Let x±, • • • , x m be 
indeterminates in the sense of Kronecker. Let each faj be an 
integer taken modulo p, where p is an odd prime. Then the 
expression (1) is called a modular quadratic form. By § 1, there 
exists a linear transformation, whose coefficients are integers* 
taken modulo p and whose determinant is congruent to unity, 
which replaces q m by a quadratic form (3) in which each a k is an 
integer not divisible by p. Thusf each a k is congruent to a 
power of a primitive root p of p. After applying a linear trans- 
formation of determinant unity which permutes x i 2 , • • • , x r 2 , 
we may assume that «i, ■ • • , a s are even powers of p and that 
a s+ i, • • • , a r are odd powers of p. The transformation which 

* Perhaps initially of the form a/6, where a and 6 are integers, 6 not divisible 
by p. But there exists an integral solution g of qb e a (mod p). 

t For p = 5, P = 2, 1 b 2\ 2 ■ 2\ 3 a 2», 4 = 2 ! (mod 5). 
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multiplies a particular Xi (i < m) by p k and x m by p~ k is of de- 
terminant unity. 

First, let r < m. Applying transformations of the last type 
to (3), we obtain 

(6) Xi 2 + • • ■ + X a 2 + px) +l + • • • + px r 2 . 

Under the transformation of determinant unity 

Xi = aXi + fiXj, xj = — (3Xi + aXj, x m = (a 2 4- /3 2 ) _1 X M , 

x^ 4* xj 2 becomes (a 2 4“ j3 2 )(X.; 2 4~ X/). Choose* integers a, /3 
so that 

(7) p(o ? -f j8 2 ) = 1 (mod p). 

Hence the sum of two terms of (6) with the coefficient p can be 
transformed into a sum of two squares. Thus by means of a 
linear transformation, with integral coefficients of determinant 
unity, g m can be reduced to one of the forms 

(8) x x 2 -\ b aj-i 4- x r 2 , Xi 2 + hxl^+pXr 2 (0 <r<m). 

Next, let r = m. We obtain initially 

xi 2 4- * • * 4- x 8 2 + px 2 , +l 4- • • * 4“ p^i-i 4* vxm, 

in which v need not equal p as in (6) . If there be an even number 
of terms with the coefficient p, we obtain as above a form of 
type (4i). In the contrary case, we get 

f=xi 2 4- ... 4. »£_ 2 4- pa;^ 4- p-'DxJ. 

If D = p 2l+1 (mod p), f is transformed into (4i) by 

Xm— 1 “ p l X m , Xm ~ P ^Xm—l’ 

But if D == p 2Z , / is reduced to (4i) by the transformation 

Xmr—l — OiXmr - 1 4" 5p 2Z *X W , Xm — SXm—1 4“ OipXm> 

p(a 2 4- p 2l ~ 2 d 2 ) = 1, 

* If p = 5, p = 2, we may take a = p = 2. For any p, either there is an 
integer l such that l 2 s — 1 (mod p) and we may take p(u + ip) a 1, 
a — If 3 a 1; or else x 2 + 1 takes 1 + (p — l)/2 incongruent values modulo p, 
no one divisible by p, when x ranges over the integers 0,1, ■ • •, p — 1, so 
that x 2 + 1 takes at least one value of the form p-*~ l . In the latter event, 
a. = p~*, @ — xa satisfy (7). 
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of determinant unity. The final condition is of the form ( 7 ) 
with P — p z-1 <5 and hence has integral solutions a, S. 

Hence the classes of modular quadratic forms are 


( 9 ) 


C m , D> C r , h C r , —1) 

(D= l, 


Co 

1; r = 


l, • • •, m - 1), 


where C m , s is composed of all modular quadratic forms whose 
determinant is a given integer D not divisible by p, each being 
transformable into ( 4 i), where C r , i and C r , ~i are composed of 
all forms transformable into (8i) and (82) respectively, and Co is 
composed of the form all of whose coefficients are zero. 

Two modular quadratic forms are transformable into each other 
by linear transformations with integral coefficients of determinant 
unity modulo p if and only if they belong to the same class (9). 
Indeed, since D and r are invariants,* it remains only to show 
that the two forms (8) are not transformable into each other, f 
But if a linear transformation 


Xi j oiijXj (% — ■ 1 , • • *, m) 

j=i 

replaces / = + . . . + Xf » by F = X? + • . • + XLi + pX r 1 2 , 

then, for j > r, 


df _ 9 w dxj 

ex,- 


dF __ dxj __ _ 

dXj ~ dXj ~ aij = 0 

1 


(i Sr,j> r), 
(i = 1, . • r ). 


Hence under this partial transformation on Xi, • • • , x r , we would 
have / = F. Thus the determinant of F would equal |«^| 2 
times the determinant unity of / and hence equal an even power 
of p. But the determinant of F is actually p. 

* r is now the maximum order of a minor not divisible by p. 

t An immediate proof follows from the values taken by the invariant A r 
given below. But as the necessity of constructing A r is based upon the fact 
ta*., the forms (8) do not belong to the same class, it seems preferable to prove 
the last fact without the use of A r . 
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The invariants D and r therefore do not completely characterize 
the classes of modular quadratic forms, a result in contrast to 
that for algebraic quadratic forms. We shall give a criterion 
to decide whether a given form of rank r (0 < r < m) is of class 
C r , 1 or of class C r , -i and later deduce an invariantive criterion. 

5. Criterion for Classes C r , ±i. — Such a criterion may be 
obtained from Kronecker’s elegant theory of quadratic forms.* 
We shall make use of the theorem that a symmetrical determinant 
of rank r (r > 0) has a non-vanishing principal minor M of order 
r, i. e., one whose diagonal elements lie in the main diagonal of 
the given determinant.! After an evident linear transformation 
of determinant unity, we may set 

(10) M = |/3<y| + 0 (mod p) (i,j = 1, • • •, r). 

In the present problem, r < m. To q m apply the transforma- 
tion 

Xi — X.i “f* CiXm (f> “ lj * * *, ?*), 

Xi = Xi (i — r + 1, • • • , m) 

of determinant unity in which the d are integers. We get 

to— 1 to— 1 / r \ 

Z P<lX<X S + 2 Z BiJCjXn + Z BjmCj + B mm XJ, 

i,j = 1 ^=1 \j= 1 / 

where 

r 

■Bjm ~ 2J fiijCi ~j~ (3j m (j ~ 1, ■ j 'in). 

i= 1 

In view of (10) there are unique values of ci, • ■ c r such that 

B jm . = 0 (mod p) (j = 1, •••, r). 

But the determinant of the coefficients of ci, • • • , c r , 1 in 

to, Hi to, ’ ' ' , Brin.) Bkm (r <k fim) 

* Kronecker, Werke, vol. 1, p. 166, p. 357; cf. Gundelfinger, Crelle, vol. 91 
(1881), p. 221; B6cher, Introduction to Higher Algebra, p. 58, p. 139. 

t The most elementary proof is that by Dickson, Annals of Mathematics , 
ser. 2, vol. 15 (1913), pp. 27, 28. For other short proofs, see Wedderburn, 
ibid., p. 29, and Kowalewski, Determinjmtentheorie, pp. 122-124. 
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is the minor of / 3 fcm in the determinant 

\( 3 { j\ = 1 , r, k, m) 

and hence is zero, being of order r + 1 . Hence Bkm = 0. Thus 
q m has been transformed into 

#*— 1 

EfeXiX,. 

i,j -= l 

After repetitions of this process, q m is transformed into* 

r 

( 11 ) • 

i,j = 1 

This form, of determinant M, can be reduced (§ 4 ) to 
Xl * _j_ . . . _f_ x i_ x Mx? 

by a linear transformation on xi, • • • , x r with integral coefficients 
of determinant unity modulo p. Express M as a power p 2l+ * 
(e — 0 or 1) of a primitive root. Since r < to, we may replace 
x r by p~ l x r and Xm by p l x m and obtain (8i) or (82) according as 
€=0ore=l. Now p (p ~ 1)/2 is not congruent to unity, but its 
square is congruent to unity modulo p, by Fermat’s theorem; 
hence it is = — 1 . Thus, in the respective cases, 

p-i 

(12) ilf 2 = + 1 or — 1 (mod p). 

Hence if a form is of rank r and if M is any chosen r-rowed 
principal minor not divisible by p , the form is of class C r , 1 or 
C r , -1 according as the first or second alternative (12) holds. 

6. Invariantive Criterion for Classes C r , *1. — A function which 
has the value + 1 for any form of class C r , +1, the value •— 1 for 
any form of class C r , -1, and the value zero for the remaining 
classes C m , j,, C 0 , Ch, ± 1 (& 4 = r), is an invariant (§ 2). This 
functionf is 

* This proof and the results in §§ 4-13 are due to Dickson, Transactions of 
the American Mathematical Society, vol. 10 (1909), pp. 123-133, 
t Constructed synthetically in the paper last cited. 
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Ar = {Mi 2 +M** (1 - Mr- 1 ) + . . . 

(13) 

+ Mn^a - Mr- 1 ) ... (i - jfj:j)}n(i - d n, 

where Mi, • • • , M n denote the principal minors of order r taken 
in any sequence, and d ranges over the principal minors of orders 
exceeding r. For, if any d ^ 0, the rank exceeds r and A r = 0 
by Fermat’s theorem. Next, let every d s= 0, so that the rank 
is r or less, and the final factor in (13) is congruent to unity. 
Then, if every M, s= 0, the rank is less than r and A r = 0. 
But, if M\ 0, 

p-i 

A r 5= Mi 2 = ± 1 (mod p), 

by (12), the sign being the same as in C r , ±i. If Mi = 0, M 2 4= 0, 

p-i 

A r = M 2 2 = dh 1 (mod p), 
etc. Note for later use that 

p-i 

(14) A m - D 2 . 

7. Rational Integral Invariants of q m . — The function 

(15) Jo = H(1 - ft p <J x ) (i 3 « 1, • • • , m; < ^ j) 

has the value 1 for the form (of class Co) all of whose coefficients 
are zero and the value 0 for all remaining forms q m , and hence 
is an invariant of q m . We now have rational integral invariants 

(16) D , Ai, ’ , Am— i) Iq 

which completely characterize the classes (9). Hence, by the 
general theorem in § 12, any rational integral invariant of the 
modular form q m is a rational integral function of the invariants 
(16) with integral coefficients. In other words, invariants (16) 
form a fundamental system of rational integral invariants of q m . 

If we employ not merely, as before, linear transformations 
with integral coefficients of determinant unity modulo p, but 
those of all determinants, we obtain at once the classes 

Or, * i, Oq (r = 1, • * •, m), 
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and see that these are characterized by A\, ••*, A m , I 0 . The 
latter therefore form a fundamental system of rational integral 
absolute invariants. But D is a relative invariant. 

General Theory op Modular Invariants, §§ 8-14 

8. Definitions. — Let S be any system of forms in x x , - ■ • , x m 
with undetermined integral coefficients taken modulo p, a prime. 
Let G be any group of linear transformations on x x , • • • , x m 
with integral coefficients taken modulo p. The particular systems 
S', S", ••*, obtained from S by assigning to the coefficients 
particular sets of integral values modulo p, may be separated into 
classes G 0 , C x , •••, Cn-i such that two systems belong to the 
same class if and only if they are transformable into each other 
by transformations of G. 

A single-valued function of the coefficients of the forms in 
the system S is called an invariant of S under G if, for i = 0, 1, 

■ • • , n — 1, the function <j> has the same value for all systems 
of forms in the class C*. 

In case the values taken by <j> are integers which may be 
reduced at will modulo p and congruent values be identified, 
the invariant is called modular. Since this reduction can be 
effected on each coefficient of the modular forms comprising our 
system S, any rational integral invariant of S is a modular 
invariant. 

An example of a non-modular invariant is the transcendental 
function r defining the rank of the determinant of the modular 
quadratic form q m . The values of r are evidently not to be 
identified when merely congruent modulo p. However, the 
residue of r modulo p is a modular invariant, since 

(17) r s A x 2 + 2A 2 2 + • • • + mA m 2 (mod p). 

9. Modular Invariants are Rational and Integral. — An y modular 
invariant 0 of a system S of modular forms can be identified with a 
rational integral function (with integral coefficients) of the 
coefficients ci, • • • , c„ appearing in the forms of the system S. 
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For, if 

<f> s v eu e , when a= e h • • *, c a s e s (mod p), 
then 0 is identically congruent (as to ci, • • ■ , c 3 ) to 

(18) Z II {1 — («i — e.)”- 1 ), 

«i, e, = 0 i=l 

as shown by Fermat’s theorem. 

10. Characteristic Modular Invariants. — The characteristic in- 
variant Ik of the class Ck is defined to be that modular inva- 
riant which has the value unity for systems of forms of the 
class Ck and the value zero for any of the remaining classes. 

For example, for a single quadratic form q m , J 0 is given by 
(15), while the characteristic invariants for the classes C r , i and 
C r , -x are 

(19) It, 1 = HAr 2 + Ar), I r , _ X = %{A 2 - A r ). 

For any system of forms with the coefficients ci, • • •, c s , we 
have 

(20) i^Enii-fe-m 

i = 1 

where the sum extends over all sets of coefficients Ci (fc) , ■ • c a w 
of the various systems of forms of class Ck . In particular, in 
accord with (15), 

(21) h - n (1 - cr- 1 ). 

i=i 

11. Number of Linearly Independent Modular Invariants . — 
Since any modular invariant I takes certain values Vo, • • * , v n -i 
for the respective classes Co, • * • , CV-i, we have 

(22) I = VqIo -j- V\Il + • • • + Vn-lln—l. 

Hence any modular invariant can be expressed in one and but 
one way as a linear homogeneous function of the characteristic 
invariants. Moreover, the number of linearly independent 
modular invariants equals the number of classes. 
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For example, using (19), we see that a complete set of linearly 
independent modular invariants of the quadratic form q m 
modulo p (p > 2) is given by 

(23) Jo, A n A r 2 (r = 1, - ”, m— 1), D k (k = 1, • • •, p-I). 

12. Fundamental Systems of Modular Invariants . — While, by 
(22), the characteristic invariants Jo, • • • , J n - i form a fundamental 
system of modular invariants of a system S of modular forms, it 
is usually much easier to find another fundamental system. In 
fact, certain invariants are usually known in advance, e. g., the 
invariants of the corresponding system of algebraic forms. We 
shall prove the following fundamental theorem: 

If the modular invariants A, B, • • • , L completely characterize 
the classes, they form a fundamental system of modular invariants. 

For example, J 0 , •••, J n -i evidently completely characterize 
the classes and were seen to form a fundamental system. 

Let ci, • • •, c s be the coefficients of the forms in the system S . 
Let each a take the values 0,1, • • •, p — 1. For the resulting 
V s sets of values of the c’s, let the rational integral functions 
A, B, • L of ci, • c s take the distinct sets of values 

A,, B{, ’ , Li (i — 0, ” ‘ , n 1). 

Thus there are n classes of systems S and by hypothesis the ith 
class is uniquely defined by the values Ai, • ■ • , L; of our invariants. 

A rational integral invariant 0(ci, • • *, c 8 ) takes the same value 
for all systems of forms in the ith class, so that this value may 
be designated by (f>i. Now the polynomial 

P(A, B, • • ., L) = E <M 1 — (A — Ai )*-*} • • • {1 - (L - Li)*- 1 } 

is congruent to fa when A = A i} ■”, L~ Li (mod p). Hence 
<i>(ci, • • ’, c s ) = P(A, B, - ”, L) (mod p) 

for all sets of integral values of c\, ■ • • , c s . In view of Fermat’s 
theorem, we may assume that each exponent in <£(ci, • • - , c *) 
is less than p. If we replace A, • • ■, L by their expressions in 
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terms of the c’s, P (A, ■ • ■ , L) becomes a polynomial, which, after 
exponents are reduced below p, will be designated by 4/ (c x , • • • , c s ). 
Then <f> and ^ are identically congruent in c x , • • • , c a , that is, 
corresponding coefficients are congruent modulo p . In fact, a 
polynomial of type (f> is uniquely determined by its values for 
the p 8 sets of values of c x , * * *, c s , each chosen from 0, 1, • • - , 
p — 1 (§9). Hence can be expressed as a polynomial in A, 
• • ■ , L with integral coefficients.* 

13. Minor Rdle of Modular Covariants. — In contrast with the 
case of algebraic forms, the classes of modular forms are com- 
pletely characterized by rational integral invariants. Such 
invariants therefore suffice to express all invariantive properties 
of a system of modular forms. In this respect, modular co- 
variants play a superfluous rdle. For instance, a projective 
property of a system of algebraic forms is often expressed by 
the identical vanishing of a covariant. But if C is a modular 
covariant with the coefficients c x , * • c a , then J 0 given by (21) 
is a modular invariant of C and hence of the initial system of 
forms. We have C = 0 or C 4 s 0 (mod p) identically, according 
as I 0 = 1 or Jo = 0. 

14. References to Further Developments. — This general theory of 
modular invariants has been applied by me to determine a com- 
plete set of linearly independent modular invariants of q linear 
forms on m variables,! and a fundamental system of modular 
invariants of a pair of binary quadratic forms and of a pair of 
binary forms, one quadratic and the other linear.! 

The theory has been extended to combinants and applied to a 
pair of binary quadratic forms. § 

* This correct theorem for any finite field cannot be extended at once to 
any field as stated by me in American Journal of Mathematics , vol. 31 (1909), 
top of p. 338. 

t Proceedings of the London Mathematical Society, ser. 2, vol. 7 (1909), 
pp. 430-444. 

J American Journal of Mathematics, vol. 31 (1909), pp. 343-354; cf. pp. 
103-146, where a less effective method is used. 

§ Dickson, Quarterly Journal of Mathematics, vol. 40 (1909), pp. 349-366. 



LECTURE II 


SEMINVARIANTS OF ALGEBRAIC AND MODULAR BINARY 

FORMS 

Introductory Example of the Binary Quartio Form, §§ 1-6 
1. Comparative View . — Let the forms 

/ = a 0 x 4 + 4<ii x 3 y + 6a 2 x 2 y 2 + 4a s xy 3 + a 4 i/, 

with real or complex coefficients, be separated into classes such 
that two forms / are transformable into one another by a trans- 
formation of type 

(1) x = x' + ty r , y = y', 

if and only if they belong to the same class. Then a single- 
valued function S(a 0 , •••, a 4 ) is called a seminvariant of / if 
it has the same value for all of the forms in any class. 

By the repeated application of this definition and without the 
aid of new principles, we shall obtain a fundamental system of 
rational integral seminvariants of /, then on the one hand the 
additional single-valued seminvariant needed to form with these 
a fundamental system of single-valued seminvarints, and on the 
other hand the additional rational integral modular seminvariants 
needed to form with them a fundamental system of modular 
seminvariants of /. It is such a comparative view that we desire 
to emphasize here. In later sections, we shall show that it is 
usually much simpler to treat the modular case independently 
and in particular without introducing all of the algebraic semin- 
variants, which become very numerous and most unwieldy for 
forms of high degree. The rational integral seminvariants 
S of an algebraic form are of special importance since each is 
the leading coefficient of one and but one covariant, which can 
be found from S by a process of differentiation. For example, 
the seminvariant ao is the leading coefficient of the covariant /. 

16 
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2. The Classes of Algebraic Quartic Forms . — Consider a quartic 
form / in which a* is the first non-vanishing coefficient. Apply 
transformation (1) with 


( 2 ) 


(Jc + l)a* ’ 


We obtain a form having zero in place of the former aju-i. Drop- 
ping the accents on x', y', we obtain, for Jc = 0, 1, 2, 3, the re- 
spective forms 

(3) eio 4= 0: aoo; 4 + Qao^S^y 2 + ia^Szxy 3 + a^Sitf, 

(4) a Q = 0, «i =f= 0: 4 a x x?y + ar'Snxf + a^Suy*, 

(5) a 0 = ai — 0, a 2 4= 0: Qa 2 x 2 y 2 + |a 2 “ 1 ^ 2 4?/ 4 , 

(6) ao — ai = a 2 = 0, a 3 4= 0: kazxy 3 , 

(7) a 0 = ai = a 2 “ a 3 = 0: a 4 y\ 

no transformation having been made in the last case. Here 

(8) $2 = a Q a 2 — ai 2 , Sz — a 0 % — 3a 0 aia 2 + 2a! 8 ,] 

(9) Si — afa 4 -* 4a 0 2 ai«3 Hh 6aoai 2 a2 — 3ai 4 , 

(Sis = 4aia 3 — 3 a 2 2 , Su = ai 2 a4 — 2aia 2 a 3 + «2 3 , 

(10) Q Q 92 

o 2 4 == 3a 2 «4 — 2a 3 z . 


If we apply to one of the forms (3)— (6) a transformation (1) 
with t 4= 0, we obtain a form having an additional (second) 
term. Hence no two of the forms (3)-(7) can be transformed 
into each other by a transformation (1), so that each represents 
a class of forms. For example, there is a class (5) for each set 
of values of the parameters a 2 and Su (a 2 =1= 0). 

3. Rational Integral Seminvariants of an Algebraic Quartic . — 
First, a 0 is a seminvariant since it has a definite value 4= 0 for 
any form in any class (3) and the value zero for any form in 
any class (4)-(7). Next, S 2 , S 3 , Si are seminvariants, since 
they have constant values 

(11) S 2 = - ai 2 , S 3 = 2ai 3 , S 4 = - 3a x 4 (if a 0 - 0) 
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for any form in any class (4)-(7), and constant values for any 
form of a definite class (3), for which therefore a 0 has a definite 
value 4= 0 and ao"" 1 ^ •••, and hence each Si, has a definite 
value. Moreover, these seminvaricmts ao, S %, S 3 , $4 completely 
characterize the classes (3). 

Consider a quartic form / in which a 0 , ai, a%, a 3 , a 4 are arbi- 
trary, except that a 0 4= 0. Any rational integral seminvariant 
$(a 0 , • • • , a 4 ) has the same value for / as for the particular form 
(3) in the same class as /. Hence 


S=*S 


( 


ao, 0 , 


S >2 5s 
a 0 ’ a 0 2 ’ 


SU \ __ 0(ap, S 2 , S 3 , Si) 

a 0 3 / ao 3 


where 0 is a rational integral function of its arguments. We 
therefore seek such functions <f> as are divisible by a power of a 0 , 
and hence by (11) in which the terms involving only a% cancel. 
The function of lowest degree is evidently 

( 12 ) $ 4 + 3S 2 2 = a 0 2 /, I = ao«4 — 4aia 3 + 3a 2 2 . 

The next lowest degree is 6 and the function is 


dS 2 Si + eS 3 2 + (3d + 4 e)S 2 *. 


The coefficient of d is a 3 IS 2 , that of e is 


$ 3 2 + 4 $ 2 8 = a 0 2 D 

(13) ^ 

( [D s a 0 W — 6 a 0 aia 2 a 3 + 4a 0 a 2 3 + 4ai 3 a 3 — 3ai 2 a 2 2 ). 
Hence for d = 1 , e = — 1 , the function is the product of ao 2 and 

(14) IS 2 —D—aoJ, J = aoa 2 a 4 — a 0 a 3 2 +2aia 2 a 3 — ai 2 a 4 ~ a 2 3 . 

We do not retain D since it is expressible in terms of the other 
functions. Eliminating D between (13) and (14), we get 

(15) $ 3 2 + 4 $ 2 3 - a 0 2 IS 2 + a 0 V = 0 . 

Now I and J are seminvariants. Indeed, if a 0 4= 0, they are 
expressible in terms of the parameters ao, Si in (3) and hence 
each has the same value for any form in a class (3) ; while 

(1®) I — — $ 13 , J — — S \ 4 (if ao = 0), 
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so that each has the same value for any form in a class (4); 
finally, 

(17) I — 3a2 2 , J = — a 2 3 (if a 0 = ai = 0), 

so that each has the same value for any form in a class (5)-(7). 

From (f> we eliminate S 4 by means of (12) and then the second 
and higher powers of S a by means of (15). Thus 8 equals 
Nfa 0 k , where N is a rational integral function of 

(18) a 0 , 8 %, S t , I , J , 

of degree 0 or 1 in S 3 . If Jc > 0, we may evidently assume that 
not every term of the polynomial N in the arguments (18) has 
the factor ao. Let P(Si, S 3, I, J) denote the aggregate of the 
terms of N not involving a 0 explicitly. We shall prove that, 
if h > 0, Nja k is then not a rational integral function of ao, • • •, 
a 4 . For, if it be, P vanishes when a 0 = 0. By (11) and (16), 
the terms independent of ao in J involve a 4 , while those in J, 
S2, S3 do not. Hence J does not occur in P. Then, by (11) 
and the term 3 a 2 2 in I, we conclude that I does not occur in P. 
Thus P is a polynomial in Si and S3 of degree 0 or 1 in S3 and 
is not identically zero. By (11), it cannot vanish for a 0 = 0. 

Under the initial assumption that ao 4= 0, we have now proved 
that any rational integral seminvariant S equals a polynomial 
in the functions (18). The resulting equality is therefore an 
identity. 

The seminmriants (18) form a fundamental system of rational 
integral seminmriants of the algebraic quartic form.* 

They are connected by the relation, or syzygy, (15). 

4. Inmriantive Characterization of the Classes. — By § 3, the 
classes (3) are completely characterized by the seminvariants 
ao, S2, S3, I. These with J characterize the classes (4) having 
ao = 0, ai 4= 0. For, by (11), Si and S3 determine 01 ; while, 
by (16), I and J determine the remaining parameters in (4). 

* The above proof differs from that by Cayley in minor details and in the 
method of obtaining the functions ( 18 ) and the verification that they are 
seminvariants (the present method being based upon the classes). 
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The parameter <22 (<22 ^ 0) in (5) is determined by I and J , in 
view of (17). 

We have now gone as far as is possible in the characterization 
of the classes by means of rational integral seminvariants S, 
since the parameters Sa, as, <24 in (5)— (7) cannot be determined 
by such seminvariants. Indeed,* for ao = ai = 0, we have 
S 2 = S s = 0 by (11), while I and J reduce to powers of a 2 by (17). 

5. Single-valued Seminvariants . — We may, however, construct 
a single-valued seminvariant which shall determine these out- 
standing parameters $ 24 , a s } < 24 - To this end consider the single- 
valued function V defined as follows by its values in the sense 
of Dirichlet. We take V = 0 if a 0 4= 0 or if a x 4= 0, and V = S 2i , 
o 3 , 04 in the respective cases (5), (6), (7). Since V has the same 
value for all forms in any class, it is a seminvariant. The 
seminvariants (18) and V completely characterize the classes 
(3)-(7) and hence, by § 2 of Lecture I, form a fundamental system 
of single-valued seminvariants of the algebraic binary quartic 
form. 

6. Seminvariants of a Modular Quartic Form. — Passing to the 
number theory case, let the coefficients of the quartic form / 
be integers taken modulo p, where p is a prime exceeding 3. 
The denominator in (2) is then not divisible by p, so that the 
classes are again (3)-(7). 

By the general theory in Lecture I, it is possible to character- 
ize all of the classes by means of rational integral seminvariants, 
and the latter will then form a fundamental system. In par- 
ticular, we do not now require the use of such a bizarre function 
as that used in § 5. 

* A proof of this fact, not based upon the final theorem of § 3, would afford 
a better insight into the nature of the last steps in § 3 and explain, in particular, 
why we stopped with I and J and did not consider combinations of the Si of 
higher than the sixth degree in the a’s. To this end, let S be a seminvariant 
homogeneous of total degree i, in the a’s, and isobaric, of constant weight w. 
As well known, U = 2 : 2w. Thus S cannot have a term a 3 ' or aj and cannot 
reduce, when a 0 = ax = 0, to a 2 l Su m (m > 0), of degree l + 2m and weight 
21 + 6m. 
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We shall make frequent use of the abbreviation 

(19) P, = (1 - ab^Xl - • • • (1 - a^). 

Then PiSu, P 2 a 3 and P 3 a 4 are semin variants* since each takes 
the same value for all forms in any class. For the classes (5), 
(6), (7), their values are S 24 , a 3 and a 4 , respectively. Hence 
the five seminvariants (18) together with PiS 24 , P 2 a 3 and P s a 4 
completely characterize the classes and therefore form a fundamental 
system of rational integral seminvariants of the quartic form f 
with integral coefficients taken modulo p, p > 3. 

Seminvariants op a Modular Binary [Form op Order n, 

§§ 7-13 

7. Fundamental System of Modular Seminvariants Derived 
hy Induction from n — 1 to n. — It is necessary to distinguish the 
case in which the modulus p is prime to n from the case in which 
p divides n. Binomial coefficients for the form are not per- 
missible in the second case and often not in the first case (for 
example, if n = 4, p — 3, since Q is then divisible by p). 
Denote the form by 

(20) F n = A 0 x n + A x x n ~ x y + b A n y n . 

First, let p be prime to n. For ^4 0 ={= 0, we can transform P„ 
into a form lacking the second term and having as coefficients 
the quotients of 

cr 2 “ nAoA 2 — %(n — l)A^, 

( 21 ) 

<r a =n 2 Ao 2 A 3 — (n— 2)nAoAiA 2 -\~\{n—l)(n— 2)Ai 3 , ••• 

by powers of nA 0 . These may also be obtained from (8) by 
identifying F n with 

(22) f n = Gc 0 x n + naix^y ~f — — a 2 x n ~ 2 y 2 -f • • * . 

* The first is one-half the discriminant of the semicovariant 
Pif/y 2 = Pi (602a; 3 + 4 a* xy + a^y 2 ) (mod p), 

and the last two are the seminvariants of P2//2/ 3 = P^a^x + a t y) (mod p). 



22 


THE MADISON COLLOQUIUM. 


For v P rime t0 n > a fundamental system of seminvariants of F n 
is given by A 0 , <r 2 , ■ • <r» together with a fundamental system of 

the particular form of order n- 1 

FL^PoFjy 

( 23 ) ^p Q A lX n~ l ^.p 0 A 2 x n ~ 2 y-\ \~pQA n y n ~ l {mod p), 

where Po = 1 ~ Ao v ~ x - 

Indeed, A 0 , <r%, • • •, <r» completely characterize the classes of 
forms pJ with A 0 =1= 0. Since yFV-i' = P» identically, when 
= 0} the classes of forms F n with A 0 = 0 are completely 
characterized by the seminvariants of the fundamental system 
for Fn- 1 '. 

For example, 4 0 and Po^i form a fundamental system of 
modular seminvariants of A 0 x + A x y (since these characterize 
the classes represented by AoX and A x y) . fhc conesponding 
functions for 

Fi = PoAix + PoAtfy 

are PqAi and 

{1 - {PqAJp-^PoAz = (1 - Af-^PoAi = PiA t (mod p). 
Hence the theorem shows that, if p > 2, 

(24) .do* 2<T2 “ 4^4 0-^2 ~ -d.1 > PtAu PiAz 

form a fundamental system of modular seminvariants of F 2 . For 
fi, these are 

(24') 2a 0 , 8% = a 0 a 2 — ad, PoOi, FW 

8. Order a Multiple of the Modulus. — Next, let n = pq. By 
Fermat’s theorem, x p — xy V ~ 1 and hence 

(25) <f> = A 0 (x p ~ xy*- 1 )* 

is unaltered modulo p by any transformation (1). Hence if, for 
each value of the seminvariant A 0 , we separate the forms 

y 


(26) 
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into classes under (1), multiply each form by y and add <f>, we 
obtain the classes of forms F n for this value of A 0 . Hence, if n 
is divisible by p a fundamental system of modular seminvariants 
of F n is given by Aq a7id a fundamental system for F n - 1 . 

For example, if n — p — 2, 

Fi = (Aq + Ai)x + A 2 y 

can be transformed into x or A 2 y by (1), according as Ao 4* Ai = 1 
or 0 (mod 2). Adding <f> — A 0 (x 2 — xy) to xy and A 2 y 2 , we obtain 
representatives of the classes of forms F 2 . Hence the 6 classes 
are completely characterized by the seminvariants Aq and those 
(§7) of Fi, and hence by 

(27) Aq, Ai, J = (1 + Ao + Ai)A 2 . 

9. Seminvariants of the Binary Cubic Form. — The classes of 
algebraic forms fz are 

(28) a Q x? + 3a<T l S 2 xy 2 + a^Sztf, 

(29) 3aix 2 y + \ar l Suf, 3 a % xy 2 , aztf, 

where the S’ s are given by (8) and (10i). The discriminant D 
offz is given by (13). As in § 3, a 0 , S 2 , S s , D form a fundamental 
system of seminvariants of /a; they are connected by the syzygy 
(13) . 

Henceforth, let the coefficients of / 8 be integers taken modulo p, 
the excluded case p — 3 being treated in § 15. If p > 3, the 
classes are again (28) and (29), and a fundamental system of 
seminvariants is given by 

(30) a 0 , S 2 , Sz, D, Pia 2 , P 2 a 3 . 

It is instructive to compare this result with that obtained by 
the method of § 7. Forming the functions (24) for 

ff = Pofa/y = SPodix 2 + ZP 0 a 2 xy + Poa 3 y 2 (mod p), 
and deleting the factor 3 from the first and second, we get* 
Podi, § = P 0 (4aia 3 — 3a 2 2 ) = PoSu, Pi«2, Piaz. 

* They characterize the classes (29) of /a with a 0 = 0 and may be so derived. 
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Hence, if p > 3, these four functions and ao, S 2> $3 form a funda- 
mental system of modular seminvariants of fz- We may drop 
P 0 qi since 

(31) PoS 2 ~ S 3 = ± 2Podi p = ± 2P 0 ai (mod p). 

Hence a fundamental system of seminvariants of /3 for p > 3 is 

(32) Oo, $ 2 , $3} 5 = P 0 & 3 , Pl® 2 ^ P2®3« 

It is easy to deduce 8 from the old set (30), and D from this new 
set.* 

Finally, let p = 2. By § 7, a fundamental system of sem- 
invariants for fz is given by a 0 , S 2 , $3 and a fundamental system 
for jV. The latter system is derived from (27) by replacing 
A 0) Ai, A 2 by P 0 ai, Poa 2 , Poa 3 , and hence is 

(1 + ao)ai, (1 + ao)a 2 , (1 + ao)(l + + a 2 )a 3 - 

We may drop (1 + ao)ai = (1 + ao)$ 2 * 

10. The Binary Quartic Form. For p — 2, we have 
Fz = A ix 3 + (Ao + A 2 )x 2 y + A 3 xy 2 + A 4 y 3 , 

whose seminvariants are obtained from those of fz at the end of 
§ 9. They with Ao give a fundamental system of seminvariants 
of F a : 

Ao, A\, AiAz d - Ao ~f“ A 2 , (1 -J- Ai)Az, 

A\A 4 + AiAz(Ao + 4 . 2 ), K = (1 + -di)(l + Ao + A 2 + A 3 )A 4 , 
An equivalent fundamental system isf 

A 0 , A\, A 2 ~f- Az, (1 ~f“ Ax)A 2 , 

(33) 

A\A 4 + AoA 2 + A 2 Az, k. 

* D = a 0 p ~ 3 ($ 3 2 + iS>/) — 8S 2 (mod p). 

For, if ao 4= 0) then 5 = 0 and this relation follows from (13); while, if Oo = 0, 
D = afSn — 0 i 2 5 = — S28. Conversely, 5 can be expressed in terms of the 
functions (30). The above relation gives 8S 2 . The product of this by S% p ~ a 
is congruent to 5 if S 2 4 s 0. Also 5 s 0 if o 0 4 0. There remains the case 
in which St = 0, a 0 = 0, whence oi 3 0, 5 3 - 3a 2 2 s — 3(Pia 2 ) 2 . 

f Annals of Mathematics, ser. 2, vol. 15, March, 1914. I there give also a 
complete set of linearly independent invariants and of linear covariants 


INVARIANTS AND NUMBER THEORY. 


25 


For p > 3, fz is obtained from / 3 by replacing ao, a x , a%, a 3 by 
4«iPo> 2a 2 Po> |^a 3 Po, aJPo, 

respectively. Malang tbis replacement in the second set of sem- 
invariants of / 3 in § 9, we obtain P 0 ai, which may be dropped in 
view of (31), and the last five functions (34). Hence, for p > 3, 
a fundamental system of modular semimariants of fa is given by 

(34) ao, $ 2 , S s , Si, P 0 S 13 , PoSu, P 1 ^ 24 , Pzaz, P&i. 

Here the three Sa are given by (10). Since the functions (34) 
completely characterize the classes (3)~(7), we have a new proof 
that they form a fundamental system. 

11 . Explicit Fundamental System when p > n. — Instead of 
employing the above step by step process, we can obtain directly 
a fundamental system of modular seminvariants of fa when the 
modulus p exceeds the order n of the binary form ( 22 ). Consider 
a particular /„ in which a* is the first non-vanishing coefficient: 

aiX n ~Y ( a h 4 0 ). 

To this we apply transformation ( 1 ) and obtain 


ssGX’J')-'- 




» 


Ha 


/fi—i ti 

mx y > 


where we have replaced j by l — i and set 


Au = 





Take Jc < n and give to t the value ( 2 ). Thus 


Akl " {(fc + l)^}*-*' 

< r k i= H (— l) z_i ^^ (& + ly-W-^al+lai. 


( 35 ) 
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In particular, 

<Tkk = <Tkk+i = 0, <Toi - £ (- l) z-i ( • ) 

i = 0 W 

the last being the algebraic seminvariant designated earlier by 
Si. It is obtained from the expansion of (<z 0 — af) 1 by replacing 
a single ao in each term by a Except for a numerical factor 
not divisible by p, <tu (for 0 < k < l — 1) equals the Ski in (10) 
and in ( 38 ) below. 

The classes C* of forms /„ in which a h is the first non-vanishing 
a are distinguished from each other by the value of a n if k = n, 
and if k < n by the values of the parameters a*, <s k i (l = k + 2, 
• • •, n). Employing the notation ( 19 ), we shall verify that 
Pk-ia k and P^ia-ki are modular seminvariants of / n . They 
vanish for a form Cj (j^k — 1) since then 1 — a/ -1 = 0 . 
For Cjt, they reduce to the parameters a* and c r k i of that class. 
For a o ~ 0, • • •, a k = 0 , the first is zero and the second is the 
expression for au when a k = 0, whose non-vanishing terms 
(given by i = k and i = k + 1) are constant multiples of 
«*+?; but ak+i is constant for any class Cj (j > k). 

It follows also that the parameter a^i in a class C k +i is de- 
termined by the seminvariants Pio-i<rki (l = k + 2, k + 3), 
provided k + 3 ^ n. But a„_i and a n , not so determined, are 
found from P k -ia k (jk = n — 1, n). Hence a fundamental 
system of modular seminvariants of f n , for p > n, is given by 

a o, <tqi (l = 2, • • •, n ), 

( 36 ) Pj^iarjei (k = 1, . • ., n — 2; l = k + 2, • • •, n), 

P n— 20*n — lj P m— lU«* 

For n — 2, 3 , 4 , these are ( 24 '), ( 32 ), ( 34 ), respectively, except 
for the difference of notation indicated above. For n — 5, we 
see that a fundamental system of modular seminvariants of ft, 
for p > 5 , is 

ao ) $3j Si, $5, P Q$13, P 0$14, Po^is, 

P1S24, P1S25, P2S35, p 3U4, p 4U5, 


( 37 ) 
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in which the symbols are defined by (8)-(10), (19) and 

S 5 [= a 0 4 «5 — 5ao 3 «i«4 + 10a 0 Wa3 ~ 10ao«i 3 «2 + 4ai 5 , 

$ib = 16ai 3 a 5 — 40ai 2 a 2 a 4 + 40aia 2 2 a3 — 15a 2 4 , 

(38) 

8 25 = 27 a 2 2 a 5 — 45a 2 a 3 a 4 + 20a 3 3 , 

$35 “ 8a 3 a5 — 5a 4 2 . 

12. Another Method for the Case p > n. — We may formulate the 
method of § 7 so that it shall be free from the induction process. 
The classes of forms (23) with P 0 Ai 4= 0, and hence the classes 
of forms F n with Ao ~ 0, A\ 4= 0, are characterized by the 
seminvariants given by the products of P 0 by the functions 
02', • * • obtained from <r 2 , <r 3 , • • • , <r „_ x by increasing the subscript 
of each Ai by unity and replacing n by n — 1; indeed, P» 2 = P» 
(mod p). When the process of deriving (23) from (20) is applied 
to (23), we get 

K - 2 = [1 - (PtAi^WUy « (1 - Ar- l )P*FM 

(39) = PiF n /y 2 m PtA 2 x n ~ 2 + PiA 3 x n ~ 3 y 

+ • • • 4- PiA n y n ~ 2 (mod p). 

The class of forms (39) with P 1 A 2 =1= 0, and hence the classes of 
forms P„ with -4 0 — A\ — 0, A 2 4= 0, are characterized by the 
seminvariants given by the products of Pi by the functions cr 2 ", 
• • • obtained from <r 2 ', • , £r„_ 2 ' by increasing the subscript of 

each Ai by unity and replacing n by n — 1. Finally, we obtain 
Pn-zAn-ix + Pn-zAny, characterized by the seminvariants 
P n — 2 A 71 — 1 and Pn-iA n . The earlier Pk-iAk may be dropped 

(§ ID- 

For example, if n = 3, p > 3, the fundamental system of P 3 is 

Ao, cr 2 , 03, Po<r 2 ' = Po( 4 AiA s — A2 2 ), P1A2, P2A3. 

Changing the notation from F 3 to f 3 , we see that <r 2 ' becomes 
3(4aia 3 — 3a 2 2 ), so that the resulting seminvariants are (32). 
We may of course apply the method directly to/ 3 ; in S% we replace 
a 0 , «i, a 2 by 3ai, |a 2 , a 3 and obtain f (4aia 3 — 3a 2 2 ). 


28 


THE MADISON COLLOQUIUM. 


Again, to find a fundamental system of / 4 for p > 3, we take 
a 0 , Sz, S 3 , St and the products of Po by the functions f$i 3 and 
168'i4 obtained from S 2 and S s by replacing ao, ai , a 2 , a 3 by 
4ai, i • 6a 2 , f • 4a 3 , a 4 ; then the product of Pi by the function 
2£ 24 obtained from $ 2 by replacing a 0) ai, a 2 by 6a 2 , % • 4a 3 , a 4 ; 
then P 2 a 3 and P 3 a 4 , to characterize P 2 (4a 3 £C + aty). We again 
have (34). 

13. Number of Linearly Independent Seminvariants. — Let 
p > n and employ the notations of § 11. In the classes Ck(Jc<n). 
Akk = cL k (2) has p — 1 values, A&fc+i = 0, while Akk+ 2 , • • ■ , 
take independently the values 0, 1, • • *, p — 1. In the classes 
C n , o-n has p values. Hence there are 

»— 1 

p + (p — 1 )p n ~ h ~ i — p + p n — 1 

k= 0 

distinct classes of forms / n . Thus by § 11 of Lecture I, there are 
exactly p n -f- p — 1 linearly independent modular seminvariants of 
f n when p> n. 

Derivation* of Modular Invariants from Seminvariants, 

§§ 14-15 

14. Invariants of the Binary Quadratic Form. — First, let p—2. 
Any polynomial in the seminvariants (27) is a linear function of 

1, A 0 , A\, A 0 A 1 , J, A 0 J = A 0 A 1 A 2 , 

since (Ao + Af)J = 0. Since there were six classes, these six 
seminvariants form a complete set of linearly independent sem- 
invariants. Now a seminvariant is an invariant if and only if 
it is symmetrical in A 0 and A 2 . But 

I=(l-Alo)(l-Al 1 )(l-^ 2 )=(l-Ao)(J r +l+^i) (mod 2). 

Thus 1, Ai, A 0 J and 1 are invariants. By subtracting constant 

* While this method is usually longer than the method of Lecture I, it 
requires no artifices and makes no use of the technical theory of numbers. 
Moreover, it leads to the actual expressions of the invariants in terms of the 
seminvariants of a fundamental system, thus yielding material of value in the 
construction of covariants. 
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multiples of these four, any seminvariant can be reduced to 
cAq + dAaAi, which is an invariant only when identically zero. 
Hence 1, Ai, A§A\A% and I form a complete set of linearly inde- 
pendent invariants of P 2 modulo 2. 

Next, let p > 2. The discriminant of / 2 is D — $ 2 . Any 
polynomial in the four fundamental seminvariants (24 0 is a 
linear function of 


affi, Poaf, P 1 a 2 t ‘ (£, j = 0, 1, • • *, p — 1), 

since the product of P 0 ai or Pi<z 2 by ao is zero, that of Pia 2 by 
P 0 ai or D is zero, while DP 0 ai = — Pa i 3 . Further, 

Po = 1 - ao 33 " 1 , PolD j - (- a^] m 0, 

Pi = Po - Pofti 73-1 , a Q p ~ 1 D j = D j ~ (- l) J P 0 ai 2/ , 

modulo, p. Hence any seminvariant is a linear function of 

ao 33-1 , af'D* (i= 0, 1, • • •, p - 2; j « 0, 1, •••,?- 1), 

(40) 

Poai*, P a a 2 ft (& = 1, • • •, p — 1). 

The number of these is p 2 + p — 1. Hence (§ 13) they form a 
complete set of linearly independent modular seminvariants of / 2 
for p > 2. 

The invariant A = A\ in § 6 of Lecture I becomes for two 
variables 


(41) A= {af+af{l-a<T l ) } (1 = a 0 M (l -P^+IW, 

where p = (p — l)/2. By the expansion of P 3 * -1 , we get* 

(42) ^ = (a 0 M + a 2 M ) f 1 - Z aoVai 2 * -2 * ) . 


* Transactions of the American Mathematical Society, vol. 10 (1909), p. 132. 
To give a direct proof of the identity of the final expression (41) and (42), 
note that the product of the final factor in (42) by D equals ao<i 2 — (a^af)^ 1 
algebraically, so that the product AD is divisible by p. But the product of 
(41) by D is evidently divisible by p. It therefore remains only to treat the 
case D m 0. Replacing oi 2 by a 0 a 2 , we see that the final factor in (42) becomes 
1 — 0* + 1 ) 00 ^ 02 ^ . Hence (41) and (42) are now identical if 


a^a^ia^ — o 2 ^) a 0 (mod p). 


But, if aoa 2 ft 5 0, a^a-i* = Oi 2 m a 1, ao^ a a ^ ± 1. 

IISC Lib B’lore Si C 
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Since (42) is therefore a seminvariant and is symmetrical in 
a 0 and a 2 and since the weight of every term is divisible by 
p — 1,, A is an absolute invariant. By (41), 

A 2 = a 0 211 (1 - D^ 1 ) + Pi« 2 2m , (1 - fflcT 1 )^ 1 = P^i v ~\ 
(43) A 2 + P 23-1 — 1 = — 7 0 , JTo— (1 — ao** -1 ) (1 ~ (1 ” a 2 p ~ 1 ) • 

Hence also Iq is an absolute invariant. Subtracting multiples of 
I o=l- ao* 5 - 1 - Poa-!*” 1 - Pio** -1 , A, D j (j=0, 1, •••, p-1), 

we may reduce any seminvariant to a linear function of the ex- 
pressions (40) other than Pi<z 2 p_1 , Pica'S D j (j = 0, • • *, p — 1). 
The resulting linear function L is not an invariant. For example, 
if p = 3, it is 

L= aa 0 2 + ba 0 +caoD+daoD 2 +eP 0 ai+fPoai 2 (a, • • • , / constants) . 

Interchange a 0 and a 2 , and change the sign of oi. We get 

aa 2 2 + ba 2 + ca 2 Z) + da 2 D 2 + (1 - a 2 2 )(/ai 2 - Wi). 

This is to be identically congruent to the invariant L. Taking 
a 2 = 0, we see that e=f=a=b = 0, c = d. Then L 
= ca 0 a 2 (ao + 02 ) + m 0 Wa 2 is not symmetric in a 0 and a 2 . 
Hence L = 0. For any p, a like result may be proved by con- 
sidering separately the terms of L of constant weights modulo 
p — 1. Hence in accord with § 11 of Lecture I, a complete set 
of linearly independent invariants of / 2 , for p > 2, is given by Io, 
A and the powers of D. In place of D° = 1, we may use A 2 , in 
view of (43). 

15. Invariants of the Binary Cubic Modulo 3. — A fundamental 
system of seminvariants of F% modulo 3 is given by Ao and a 
fundamental system of 

P 2 — Aix 2 + (Ao + Af)xy + A 3 y 2 . 

Hence, by (24), a fundamental system for F 3 is given by 
Ao, A\, t = A 1 A 3 — (Ao + A 2 ) 2 , (1 — Ai 2 )(Ao + A%) f 
u - (1 - ^i 2 )[l - (Ao + A 2 ) 2 JA 3 . 
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In place of the fourth and third we may evidently use 

X = (1 - AflAz, c r = AxA s + A 0 A 2 - AM** = t+A 0 2 + X 2 . 

Here a is the discriminant of Fs for p — 3. By § 13 there are 
11 classes of forms F 2 . Hence, by §8, there are 3 'll classes of 
forms Fs. Thus there are exactly 33 linearly independent 
seminvariants of F 3 . Since 

^4iX = Aifx =0, crX = Aq\ 2 , n(cr + -^o 2 ) = 0, 

ju(X + Ao) = 0, (1 — Ai 2 )cr = 

modulo 3, any polynomial in the seminvariants A 0 , Ai, cr, X, n 
of the fundamental system is congruent to a linear function of 

(44) AtfAi*, Ao l a k , Aa i Aicr k ) Ao*\ k , Ao^iF 6 (i, j= 0, 1, 2; k~ 1, 2). 

Hence these 33 functions form a complete set of linearly inde- 
pendent seminvariants of F z . The seminvariants 

P = 1 - AF - X 2 = (1 - A X 2 ){1 ~ A 2 2 ), 

(45) Jo = (1 - A 0 2 )(P - M 2 ) - ft (1 - A?), 

E — AoAi(<r — or 2 ) + Aon ~ AoA3(A 0 A 2 — AiA 3 +Ai 2 —A 2 2 ) 

are seen to be invariants as follows.* The weights of the terms of 
each are all even or all odd. Moreover, under the substitution 
(AoAs)(AiAt), induced upon the coefficients of F 3 by the 
interchange of x and y, the functions <r, P and Jo are unaltered, 
while E is changed in sign. Hence <r, P, J 0 are absolute in- 
variants, while E is an invariant of index unity. We now have 
7 linearly independent invariants 

(46) Jo, E, E 2 , <r, <r 2 , P, 1. 

Noting that 

(47) E 2 = Ao 2 n 2 + Aa 2 (<r — a 2 + X 2 ) — AqK, 

* Or by general theorems, T ransaclions of the American Mathematical 
Society, vol. 8 (1907), pp. 206-207. Note that E is the eliminant of F z ■ 0, 
a? m x, y® m y (mod 3). 
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we may employ the functions (46) to delete from (44) 

p 2 , Aon, AoV, or, a 2 , X 2 , 1 

in turn (no one of these terms being reintroduced at a later stage). 
There remain 11 seminvariants of odd weight 

(48) Af" Ax, AfAys, AjAxo 2 , p, A 0 2 p (i ~ 0. 1, 2), 
and 15 of even weight 

(49) A 0 , A 0 2 , Ao { Ax 2 , A 0 <r, Acer 2 , A 0 2 cr, A 0 2 <r 2 , A 0 % A 0 \ 2 , A 0 2 X 2 , A 0 p 2 . 

Now the weight and index of a seminvariant of F s modulo 3 
are both even or both odd.* A linear combination of the func- 
tions (48) which is changed in sign by the substitution (AoA 3 ) 
(AxA 2 ) is seen to be identically zero (it suffices to set A 3 = 0, 
A 2 = 0 in turn). A linear combination of the functions (49) 
which is unaltered by that substitution is seen similarly to be 
identically zero. Hencef a complete set of linearly independent 
invariants of Fs modulo 3 is given by (46). 

* When the sign of y is changed, a seminvariant is unaltered or changed in 
sign according as its weight is even or odd. 

f Another proof, using the classes of F t under the group of all binary linear 
transformations of determinant unity modulo 3, and involving a use of more 
technical theory of numbers, is given in Transactions of the American Mathe- 
matical Society, vol. 10 (1909), pp. 149-154. The case of any modulus p 
is there treated. 


LECTURE III 


[VARIANTS OF A MODULAR GROUP. FORMAL INVARIANTS 
AND COVARIANTS OF MODULAR FORMS. APPLICATIONS 

Invariants of Certain Modular Groups, §§ 1-4 

1. Introduction. — Let G be any given group of g linear homo- 
meous transformations on the indeterminates x\, • • • , x m with 
Ltegral coefficients taken modulo p, a prime. Hurwitz* raised 
le question of the existence of a finite fundamental system of 
Lvariants of G. For the relatively unimportant case in which g 
i not divisible by p, he readily obtained an affirmative answer 
y use of Hilbert's well known theorem on a set of homogeneous 
motions, but emphasized the difficulty of the problem in the 
eneral case. 

In § 5 I shall consider the relation of this question to that of 
lodular covariants and formal invariants of a system of forms 
nd incidentally answer the above question for special groups 
f orders divisible by p. 

I shall, however, first present a simplification of my own work 
in the total group. Its invariants are universal covariants, i. e., 
:ovariants of any system of modular forms (§13). It was from 
he latter standpoint that I was led to the subject of invariants 
>f a modular group independently of Hurwitz's paper, in the 
;itle of which the word invariant does not occur. 

2. Invariants of the Total Binary Group. — Consider the group 
I of all modular linear homogeneous transformations with integral 
coefficients of determinant unity: 

(1) x' = bx + dy, y' = cx + ey, he — cd ss 1 (mod p). 

The term point will be used in the sense of homogeneous 
coordinates, so that ( x , y) — {ax, ay), while (0, 0) is excluded. 

* Archiv der Mathematik und Physik, (3), vol. 5 (1903), p. 25. 
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We do not restrict the coordinates to be integers, but permit 
their ratio to be a root of any congruence with integral coefficients 
modulo p. A point is called real if the ratio of its coordinates is 
rational. 

A point (x, y) is invariant under a transformation (1) if 
x' ss px, y' = py, or 

(2) (6 — p)x + dy^z 0, cx-h (e — p)y s 0 (mod p). 

If these congruences hold identically as to x, y, then 

d = c = 0, 6 = e = ± 1 (mod p) 
and the transformation is one of the transformations 

(3) x' = =fc x, y' = =t y (mod p), 

which leave every point invariant. 

A special point is one invariant under at least one trans- 
formation (1) not of the form (3). There are p(p 2 — 1) trans- 
formations (1). We shall assume in the text that p > 2 (rele- 
gating to foot-notes the modifications to be made when p = 2), 
Then there are two transformations (3). Hence any non-special 
point is one of exactly* 

(4) a = fp(p 2 - 1) 

conjugate points under the group G, while a special point is one 
of fewer than co conjugates. 

Let (x, y) be a special point and let (1) be a transformation, 
not of the form (3), which leaves it invariant. Thus the con- 
gruences (2) are not both identities. The determinant of their 
coefficients must therefore be divisible by p . Hence p is a root 
of the characteristic congruence (in which a ~ b + e) 

(5) p 2 — ap + 1 s 0 (mod p). 

First, suppose that (5) has an integral root p. For this value 
of p, one of the congruences (2) is a consequence of the other, 
and the ratio x : y is uniquely determined as an integer modulo p. 

* For p = 2, a is to be replaced by 2(2 2 — 1) =6. 
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[enee only real special points are invariant under a transforma- 
ion [other than (3)] whose characteristic congruence has an 
itegral root. Moreover, all real points are conjugate under the 
roup G. Indeed, 

x' = bx, y' s x + b~ x y, and x' = — y, y’ = x 

eplace (1, 0) by (6, 1) and (0, 1) respectively. Hence if an 
lvariant of G vanishes for one of the real points, it vanishes for 
11 and has the factor 

p-i 

5) L = y II (x — ay) = x p y — xy p (mod p), 

a=0 

tie congruence following from Fermat’s theorem. Obviously, 
ny transformation of G replaces a real point by a real point, and 
herefore L by kL. The constant Jc is in fact unity and L is an 
ivariant of G. Indeed, for 


7) x^aX+bY, y=cX+dY (mod p), 


/here a, • • * , d are integers of determinant A — ad — be, 


5) 



y p 


X 

y 



aX p + bY p cX p +dY p 
aX +67 cX +dY 


= A 


X p Y p 
X Y 


(mod p ). 


Next, suppose that (5) has no integral root and therefore two 
iralois imaginary roots. By (2), each root p uniquely determines 
point (x, y) with y = 1=0. We may therefore take y — 1, 
whence cx = p — e. The resulting two special points are 
berefore imaginary points of the form (rp + s, 1), where r and s 
re integers modulo p, and r is not divisible by p. The imagi- 
aries introduced* by new transformations are expressible 
nearly in terms of this p. Indeed, (2p — a) 2 = A, where 
l = a 2 — 4 is a quadratic non-residue of p (i. e., is not the re- 
minder when the square of any integer is divided by p). Thus 
t == a 2 v, where v is a fixed non-residue of p. Hence the roots 
f all congruences (5) having no integral roots are expressible 
l the form k + iVv, where k and l are integers. 


* There are no new ones if p = 2, since a = 0 (mod 2). 
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Hence the special points invariant under transformations 
whose characteristic congruences have no integral roots are all 
of the form (rp + s, 1), where r and s are integers, r not divisible 
by p, while p is a fixed root of a particular one of these congru- 
ences (5). 

We next show that these p 2 — p imaginary special points are 
all conjugate under the group G. It suffices to prove that they 
are all conjugate with (p, 1), which is invariant under 

x' = ax — y, y’ = x. 

Now transformation (1) replaces (p, 1) by ( R , 1), where 

R _ *P + d 
cp + e ’ 


We are to prove that there exist integers b, c, d, e satisfying 

(9) be — cd = 1 (mod p), 

such that R=rp-\~s, where r and s are any assigned integers 
for which r is not divisible by p. Denote the second root of (5) 
by p' and multiply the numerator and denominator of R by 
cp ' + e. Using (9), we get 


9 


N = be + de + dca, 


9 


d 2 + ace + <J 2 . 


We first show* that we can choose integers c and e such that 
q= i (mod p), where i is any assigned integer not divisible by p. 
If i is a quadratic residue of p, we may take c — 0. Next, let 
i be a quadratic non-residue of p. Taking c ^ 0, e = he, we 
have 

m = i + ak+k\ 


Now f(Jc) = f(K ) if and only if K = h or K = — a — 1c. Hence 
the p — 1 values of h other than — a/2 give by pairs the same 
value of/(&). Thus for k = 0, ••■,p - 1, f(k) takes 1 + |(p-l) 
incongruent values, no one a multiple of p [since (5) has no 
* If p - 2, then a m 0; taking c = 1, e = 0, we have jslsj (mod 2). 
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integral root], and consequently a value which is a quadratic 
non-residue of p. Then, by choice of c, q can be made congruent 
to any assigned non-residue. 

Having made q = i (mod p) by choice of c and e, we proceed 
to choose integral solutions b and d of (9) such that N will be 
congruent to any assigned integer j. If c = 0, so that e 4 s 0, 
we take d = j/e. If c ^ 0, we eliminate d from N by use of (9) 
and obtain 

N =~(bq — e — cot), q — c 2 + ace + e 2 . 

0 


Since q ^ 0, we may make N = j by choice of b. 

We have therefore proved that there are exactly p 2 — p 
imaginary special points, viz., (rp + s, 1), r 4 s 0, and that they 
are all conjugate under the group G. Hence any invariant of G 
which vanishes for an imaginary special point has the factor 


( 10 ) 


x pS y — xy pt a; p2_1 — ?/ p2_1 

Q__ _ _ ______ 


Indeed, the numerator of the first fraction vanishes for x=rp-\-s, 
y = 1, since 

(rp + s) pS = rp ps + s, p pi ss p (mod p), 


the last congruence* being a case of Galois’s generalization of 
Fermat’s theorem. We have divided out L , which vanishes for 
the real points {s, 1) and (1, 0). Since any transformation of G 
replaces one of our imaginary points by another, it replaces Q 
by JcQ, The constant Jc is in fact unity and Q is an invariant of 
G. Indeed, (8) holds if .we replace the exponents p by p 2 . 
Hence the quotient Q is invariant! under ail transformations (7). 
* It may be proved by noting that (5) implies 

( p 2 _ ap + I)p m p 2 P - ccpP + 1 a 0 (mod p), 

so that p p is the second root of (5). By the same argument, (p p ) p is a root, 
distinct from p p , and hence identical with p. 

1 1 gave the notation Q to the invariant (10) since it is the product of all 
of the binary quadratic forms x 2 + * • • which are irreducible modulo p. 
Indeed, the latter vanishes for two points of the form (rp + s, 1 ) and ( rp ' + s, 1), 
where p and p' are the roots of (5) and r, s are integers, r + 0, and conversely. 
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We are now ready to prove that any rational integral invariant 
l t with integral coefficients, of the group G is a rational integral 
function of L and Q with integral coefficients. 

After removing possible factors L and Q, we may assume that 
I vanishes for no special point. If I is not a constant, it vanishes 
at a point ( c , d ) and hence at the co distinct points conjugate with 
(c, d) under the group (?. The invariants* 

ff-t-l p(v-l ) 

(11) q = Q 2 , l = L 2 

are of degree co. The constant r, determined by 

q(c, d) + t • l(c, d) s 0 (mod p), 

is a root of a congruence of a certain degree t with integral coef- 
ficients and irreducible modulo p. Now q + rl is a factor of I. 
Since q, l and I have integral coefficients, I has also the factors 

(12) q + t v I, q + t p % • • •, q + t p< ~ 1 1. 

For, by Galois’s theorem mentioned above, 

T) T P } T p* f . . . t p 1 ~ 1 

are the roots of our irreducible congruence of degree t. Since 
the conditions which imply that q + zl shall be a factor of I are 
congruences satisfied when z = r, they are satisfied when z = t v \ 
Hence if we multiply q + rl by the product of the invariants 
(12), we obtain an invariant T with integral coefficients modulo p. 
Since L and Q have no common factor, no two of the functions 
q + rl and (12) have a common factor. Hence T is a factor of I. 
Proceeding in like manner with I/T, we arrive finally at the 
truth of the theorem.f 

3. Invariants of Smaller Binary Groups. — We shall later need the 
theorem that a fundamental system of rational integral invariants 

* If p = 2, we omit the divisor 2 in the exponents, 
t Proved less simply in Transactions of the American Mathematical Society , 

% el. 12 (1911), p. 1. Still simpler is the proof that various coefficients of an 
invariant are zero, Quarterly Journal of Mathematics, 1911, p. 158. 
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of the group composed of the p powers of the transformation 

(13) x' = x + y, y' = y {mod p) 
is given by y and X, where 

(14) X = x(x-{-y) (ar+2?/) * • • (; x-f-p — ly) s x p — xy*" 1 ( mod p). 

Now (1, 0) is the only special point, being the only point 
unaltered by (13) or its kth. power, h < p. Hence an invariant 
not having a factor y or X vanishes at imaginary points falling 
into sets each of p points conjugate under our group. As at the 
end of § 2, the invariant is a product of factors y p + rX so 
related that the product equals a polynomial in y p and X with 
integral coefficients. 

Other results will be merely stated, since they are not pre- 
supposed in what follows. Within the group G of all transforma- 
tions (1), any subgroup of order a multiple of p is conjugate 
with one containing (13) and transformations exclusively of the 
form 

( 15 ) x ' as tx + ly, y f a t~ x y (mod p), 

and having y and X as a fundamental system of invariants.* 
The invariants of any subgroup whose order is prime to p have 
been found.f 

4. Invariants of the Total Group on m Variables. — The functions 
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Xl 

’ ’ Xm 


X 

Xm 


are seen, by a generalization of (8), to be invariants of index 1 
and 0 respectively of the group T m of all linear homogeneous 
transformations on Xi, • • •, x m with integral coefficients modulo p. 

* Bulletin of the American Mathematical Society , vol. 20 (1913), pp. 132-4. 
f American Journal of Mathematics , vol. 33 (1911), p. 175. 
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Since L m is an invariant of and has the factor x ly it follows 
from an examination of its diagonal term that* 

m p— 1 

(17) L m ^H'E(xk + CiH-iZfc+1 d 1- (mod p), 

le = 1 Ci = 0 

in which occurs one of each set of proportional linear forms modulo 
p. A like proof shows that the numerator of Q ms is divisible by 
each of the linear functions (17) and hence by L my modulo p. 

Making use of the theorem in § 2, 1 have proved by induction! 
that the m invariants L m , Qmh * * * > Qmmr-i are independent and 
form a fundamental system of rational integral invariants of r m . 

A fundamental system of invariants of the group of all modular 
linear transformations on two sets of two cogredient variables 
has been obtained very recently by Dr. W. C. Krathwohl in his 
Chicago dissertation.! 

Formal Invariants and Seminvariants of Modular Forms, 

§§ 5-13 

5. Formal Modular Invariants . — Consider a binary form 

f(x, y) = a^x r + a&r-hj + • • • + ct r y r , 

in which x , y, a 0 , * * •, a r are arbitrary variables. The transforma- 
tion (7) with integral coefficients, whose determinant A is not 
divisible by the prime p, replaces / by a form 

<t>(X, Y) = A 0 X r + A l X r ~ i Y + • • • + A r Y r , 

in which 

(18) A 0 = f(a, c ), A x = ra^bao + ■ • •, • • A r = f(b, d ). 

A polynomial P(a 0 , • • •, a r ) with integral coefficients is called a 
formal invariant modulo p of index X of / under the transforma- 

* E. H. Moore, Bulletin of the American Mathematical Society, vol. 2 (1896), 
p. 189. His proofs do not use the invariantive property. A like remark is 
true of the proof that the product (17), in the case x m - 1, is congruent to a 
determinant of order m — 1, then obviously equal to L m , by R. Levavasseur, 
M&moires de l’Acad6mie des Sciences de Toulouse, ser. 10, vol. 3 (1903), pp. 
39-48; Compies Rendus , 135 (1902), p. 949. 

t Transactions of the American Mathematical Society, vol. 12 (1911), p. 75. 
t American Journal of Mathematics, October, 1914. 
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tion (7) if 

(19) P(A o, A\, * • A r ) = A x P(a Q , ai, • ■ *, a r ) (mod p), 

identically as to ciq, • ■ ■ , a r , after the A’s have been replaced by 
their values (18) in terms of the a t . If P is invariant modulo p 
under all transformations (7), it is called a formal invariant 
modulo p of /. 

The term formal is here used in connection with a form/ whose 
coefficients are arbitrary variables in contrast to the case, treated 
in the earlier Lectures, in which the coefficients are undeter- 
mined integers taken modulo p. In the latter case, (19) neces- 
sarily becomes an identical congruence in the a’s only after the 
exponent of each a is reduced to a value less than p by means 
of Fermat’s theorem a v = a (mod p). 

The functions (18) are linear in ao, * • •, a r . It is customary to 
say that relations (18) define a linear transformation on oo, • • • , a r 
which is induced by the binary transformation (7). Let V be 
the group of all of the transformations (18) induced by the group 
of all of the binary transformations (7). Making no further 
use of the form /, we may state the above problem of the de- 
termination of the formal invariants of / in the following terms. 
We desire a fundamental system of invariants of group T. This 
problem is of the type proposed in § 1 ; the group T is a special 
group of order a multiple of p. Here and below the term in- 
variant is restricted to rational integral functions of ao, • • • , a r . 

A theory of formal invariants has not been found. For no 
form / has a fundamental system of formal invariants been 
published. Some light is thrown upon this interesting but 
difficult problem by the following complete treatment of a 
binary quadratic form, first for the exceptional case p = 2 and 
next for the case p > 2, and preliminary treatment of a binary 
cubic form. 

6. Formal Invariants Modulo 2 of a Binary Quadratic Form . — 
Write 

(20) / = ax 2 + bxy + c\f, 
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where a, b, c are arbitrary variables. Under the transformation 

(21) x = x' + y f , y = y’> 

f becomes /', in which the coefficients are 

(22) fl'sa, b'=b, c'=a+b + c (mod 2). 

By § 3, the only invariants under d! = d, c' = c + d, modulo 2, 
are the polynomials in d and c{c + d). Take d = a + b. 
Hence the only seminmriants off are the polynomials in a, b and 

(23) s — c(c + a + b). 

Such a polynomial is an invariant of / if and only if it is 
unaltered by the substitution (ac) induced by ( xy ). Thus 

(24) b , k = as, q = b(a + c) + a 2 + ac + c 2 = s + cib + a 2 

are invariants of /. Introducing q in place of s, we see that any 
seminvariant is a polynomial in a, b, q. Consider an invariant 
of this type. Since its terms free of a are invariants, the sum 
of its terms involving a is an invariant with the factor a and 
hence also the factors c and a + b + c, the last by (22). Hence 
this sum has the factor Jc , and its quotient by h is an invariant. 
By induction we have the theorem: 

Any rational integral formal invariant of f equals a rational 
integral function * of b, q, Jc. 

7. Formal Seminvariants of a Binary Quadratic Form for p > 2. 
Write 

(25) f — ax 2 -f- 2 bxy + cy 2 , 

where a, b, o are arbitrary variables. Under the transformation 
(21), /becomes/', whose coefficients are 

(26) a' = a, &' = »+&, c' = a + 2b + c. 

* Replace %i, x 2 , x s , of § 4 by a, b, c; then 

U " bk(k + bq), Q tt = b* + bk+ Q n = &Y + bqk + Wk + k\ 
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Evident formal seminvariants are a, A = b 2 — ac, and 

J3-1 

(27) 0 = II (to + l) = 6” - bar < (mod p), 

<= 0 

(28) 7 * = U{(<* -*)« + 2(6 + c} (i-0,1, p— 1). 

*=0 

Indeed, the linear function under the product sign in (28) is 
transformed by (26) into the function derived from it by re- 
placing t by t + 1. As in (27), 

(29) [ta]o=o = — cb^ 1 (mod p). 

Let S (a, b, c) be a homogeneous rational integral seminvariant 
with integral coefficients. Then, by (26), 

S( 0, b, c ) sa $(0, b y 2b + o ) (mod p). 

Thus, by § 3, <S(0, b, c) equals a polynomial in b, c p — cb?” 1 . 
Hence, by (29), 

S(a, b, c) = aa(a, b, c ) + 7k) (mod p), 

where <r and 0 are polynomials in their arguments. Now 
b 2i = A* 4" <z( ), b v+2i — /3A* + a( ). 

Hence 

(P- 3)/2 

(30) £ = aX(a, by c ) + A, 7 *) + 2 dib 2i+1 y k ei , 

i= 0 

where X and 0 are polynomials in their arguments, and d,- is 
an integer. 

When y is multiplied by a primitive root p of p, a, b, c are 
multiplied by 1, p, p 2 , respectively. Hence /3 is multiplied by p, 
while, by (29), y k and A are multiplied by p 2 . If therefore we 
attribute the weights 0, 1, 2 to a, b, c, respectively, and the weight 
s + to a r 6V, we see that the weight of every term of y k is 
congruent to 2 modulo p — 1. 

We can now prove that every d t - is divisible by p. For, if not, 
the seminvariant 8 — 0 has a term of odd weight, so that every 
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term of X is of odd weight and hence has the factor b. Thus 
S — ^ has the factor b and therefore the factor (3, so that its 
terms free of a have the factor b v . But this is impossible, since 
2i + 1 < p and (29) does not have the factor b. 

Hence S — \p has the factor a and the quotient is a semin- 
variant of the form a\' + . Proceeding in this way, we obtain 

the theorem: 

Any seminvariant is a polynomial in a , A, j3 and any single y k . 
Of these, (3 alone is of odd weight. Hence any seminvariant is 
a polynomial in a, A, 7 *, /3 2 or the product of such a polynomial by 
jS. But 

(31) / 3 2 a a p yo + A (A 2 — a p-1 ) 2 (mod p). 

To prove this, it suffices to show that the second member is 
divisible by b and hence by /?, and being of even weight therefore 
by j3 2 , and to remark that each member of (31) reduces to b 2p for 
a = 0. Now 


0-1 r (p-y/a 1 2 

[ 70 ] 6=0 = II (t 2 <* + c) = c II (t 2 a + c) 

0 1 *=i J 

p — 1 p — 1 

= c{c 2 — (— a) 2 } 2 (mod p), 
■ p-i 

o p [ 7 oh=o s ac{(— ac) 2 — a v ~ 1 ) 2 (mod p). 

But A reduces to — ac for 6 = 0. Hence the second member of 

(31) has the factor b. We therefore have the theorem: 

For p > 2, any formal seminvariant of a binary quadratic form 
is a polynomial in a, A, 70 or the product of such a polynomial by (3. 

8 . Formal Invariants of a Binary Quadratic Form for p > 2. 
The product 

(32) T = JJ 7 ^ (1c ranging over the quadratic non-residues of p) 

k 

is an absolute invariant of f under the group G of all binary 
transformations with integral coefficients taken modulo p of 
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determinant unity. It suffices to prove that this seminvariant 
is unaltered by the substit ution 


(33) a' - c, c' = a, b' = — b, 

induced by the transformation x = y', y ~ — x'. 
the general factor in (28) is replaced by 

(f-k){(T 2 ~K)a + 2Tb + c} ) 


where 



K = 


h 

(f - h ) 2 ’ 


Under (33), 


Hence K is quadratic non-residue of p when Jc is. Also, 


p—X 

n (f—k)' 

t=0 


(P-l)/2 


P-1 


Jc\ II (lc—t 2 )\ =—/<•(/(; 2 — 1)2= — 4 k (modp) 


if A: is a non-residue. To show that the product of the resulting 
numbers — 4 Jc is congruent to unity, we set x = 0 in 


(34) II (a ” &) ^ 2 + I (mod p), 

k 


and note that 2 35-1 = 1. Hence (32) is unaltered by (33) and is 
an absolute invariant of / under G. 

It is very easy to verify that 

(35) J = ay o 

is unaltered by (33), so that J is an invariant of / under G. 

If an invariant has the factor /3, it has the factor 

(36) B = Uy r ( r ranging over the quadratic residues of p). 

For, under the substitution (33), 6+ra (r=}=0) becomes r(c— 6/r). 
By choice of t, we reach c + 2 tb, where t is any assigned integer 
not divisible by p. This is a factor of y k where k = t 2 . 

The fact that B is an invariant may be verified as in the case 
of (32) or deduced from the fact that 

p-i 

aftTLyk = ay 0 • BY 
*=0 
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is an invariant, being the product of all non-proportional linear 
functions of a, b, c with integral coefficients modulo p. 

Hence any invariant is the product of a power of B by an 
invariant which is a polynomial P in a, A, 70. 

Since 7* is a seminvariant not divisible by (3, it equals a 
polynomial in a, A, 70 (§7). But if a = 0,7* = 70 (mod p), by 
(29), and A = b % is free of c, so that 7* is not a polynomial in a 
and A only. Hence 

(37) 7k = 7o + gk(a, A) (mod p). 

For p = 3, the polynomial P therefore equals a polynomial in 
a, A, 72 = F. Now an invariant 0(a, A, F) differs from the 
invariant 0(0, A, T) by an invariant with the factor a and hence 
the factor (35). Treating the quotient similarly, we ultimately 
obtain the following theorem for the case p ~ 3 : 

A fundamental system of formal invariants of the binary quad- 
ratic form f modulo p, p > 2, is given by the discriminant A and 
T, J, B, defined by (32), (35), (36). The product of the last three 
is congruent modulo p to the product of all the non-proportional 
linear functions of the coefficients off. 

To prove the theorem for p > 3, note first, by (37), that T, 
given by (32), differs from 7o n by a polynomial in 70, a, A of 
degree n — 1 in 70, where n = (p — l)/2. Hence a polynomial in 
a, A, 70 equals a polynomial in a, A, 70, T of degree at most n—l 
in 70. Subtract from each the terms of the latter involving 
only the invariants A, T. We have therefore to investigate 
invariants of the type 

(38) CijtfP ,-(A, T) + Yjytffaia, A, T), 

4=1 4=0 

in which the a are integers, while P*- and <j>% are polynomials in 
their arguments, and 0 t - has the factor a. If every a s 0, the 
invariant has the factor a and hence the factor ayo = J, and the 
quotient by J is an invariant which may be treated similarly. 
The theorem will therefore follow if we show that a contradiction 
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is involved in the assumption that a certain c } - is not divisible by p. 
First, the remaining c» are divisible by p. For if also c t - + 0, 
let kiA ri T ai be the term of Pi of highest degree in A. Since 
70 and F are of degrees p and np, and of weights = 2 and 0 
(mod p — 1), ytfPi is of degree pi + 2 r, -f- Sinp and of weight 

= 2 i -j- 2u (mod p — 1). But p== 1 (mod n). Hence 

i + 2 n = j + 2 rj, 2 i + 2 n = 2 j + 2 ry (mod n), 

so that i = j (mod n). But i and j are positive integers < n. 

Hence i = j. Multiplying our invariant by a suitably chosen 
integer, we have the invariant 

(39) 7o j 'P,(A, r) + E ToViCo, a, T), Pj = AT* + 

i=0 

Now — (c — /ca)6 p ~ 1 is the term of highest degree in b in 7*. 
Hence 

(40) 70 = - cbr ml + •• •, r = <rb n{v ~ 1) + • 

(41) a = II{“ ( c “ /ca )l s (~ °) n + ( mod 

it 

where k ranges over the non-residues of p, the last following 
from (34) for x = c/a. Since 70 and T are of even weights, 
only even powers of b enter (39). Hence an invariant (39) is 
symmetrical in a and c. We shall prove that this is not the 
case for the terms of highest degree in b. For 70 fPj this term is 

(42) (— c)V*6^, /3 = j(p — 1) + 2r + sn(p — 1). 

Let Cia ei A fi T°* be one of the terms of in which the exponent of 
& is a maximum. Then in 7o t <A» the highest power of b occurs 
in the terms 

(43) Cia ei {- o)W*, ft = 2 fi + gMv — 1) + i(p — !)• 
Since the weight and degree is the same as for (42), 

2 i + ft s 2j + |S (mod p - 1), 

^ 6i + i + gm + ft = j + sn + ft 
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First, let ft = ft Then 0 (mod ft), whence i = j. 

Thus the exponent of a in any term (42) or (43) is divisible by n, 
while the exponent of o is not, being congruent to j modulo n. 
Hence the coefficient of b * in the sum of (42) and the various 
terms (43), with i = j, is not symmetrical in a and c, unless 
identically zero. But (43) has the factor a while (42) does not. 
Hence the greatest ft exceeds ft 

Next, consider a set of terms (43) and a set of terms of like 
form with i replaced by Jc, all being of equal degree in b. Then 
ft = ft. By (440 , 2 i + ft s 2A + ft, i = k. Consider finally 
terms (43) with ft constant. In them the residue modulo n 
of ei is a constant 4= l Tor, if Gi = i, then 2 i + ft = j + /3 
(mod ft) by (44 a ), so that j s 0 (mod ft) by (44ft Hence these 
terms (43) are not symmetric in a and c and yet do not cancel.* 

Our fundamental invariants are connected by a syzygy; for 
p = 3, 

(45) B 2 — A 3 F 2 + t/(J — A 2 ) 2 . 

9. Formal Invariants of a Binary Cubic Form for p 4 3.— 
We have seen that the theory of formal invariants of a binary 
quadratic form is dominated by the invariantive products of 
linear functions of the coefficients. While these products de- 
pended upon the classification of integers into the quadratic 
residues and the non-residues of p, we shall find that for a cubic 
form it is a question not merely of cubic residues and non-residues 
of p, but of the larger classes of reducible and irreducible con- 
gruences. Write 

/ = ax z + 3 bx 2 y + 3 cxy 1 + dy d , 

thus taking p 4 3. Under transformation (21), / becomes 
whose coefficients are given by (26) and 

(46) d' — a d - 36 4" 3c -f- d. 

* If two are of like degree in c, their ft are equal and hence their f’s are 
equal; then, if of like degree in a, their e's are equal. But then we have the 
same term of 0,-. 
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Hence a, (3 and 7*,, given by (27) and (28), are again seminva- 
riants; also, 

p — i 

(47) d Jk = II {(* 3 - 3 kt - j)a + 3(t 2 - k)b + 3tc + d) 

(j, k - 0, • • •, p - 1). 

Indeed, if Ft(a, 6, c, d) is the function in brackets, 

F t (a', b r , c', d') = Ft+i(a, b, c, d). 

Any invariant with the factor a has the factor 

(48) aS oo = bS (Co + 3 fib + 3 to + d) = /(l, 1), 

<=0 <=0 

whose vanishing is the condition that one of the points ( x , y) 
represented by / = 0 shall be one of the existing p + 1 real 
points (1, 0), ( t , 1) of the modular line. To verify algebraically 
that the seminvariant (48) is an invariant,* note that it is 
unaltered modulo p by the substitution 

(49) a' = — d, d' = a , b' = c, c' = — b, 

which is induced on the coefficients of / by x = y', y = — ■ x'. 
The product P of the Sjk in which j and k are such that 

\ = t 3 — 3kt — j 

is irreducible modulo p is a formal invariant 
The substitution (49) replaces the general factor of (47) by 

— a + 3/6 — 3 (f — k)c + Xd 

= \{ (P - ZKT - J)a + 3 (P - K)b + 3 Tc + d }, 

where 

£=1, / = A, g = kl + M 2 + t j > 

h = — 27c 3 + 6 W + 3 ktj + fij + j 2 - 

* For any form, see Transactions of the American Mathematical Society, 
vol. 8 (1907), pp. 207-208. 
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We are to show that there is no integral solution x of 
x 3 — 3 Kx — J = 0 (mod p). 

Multiply this by X s and set \x = y. Then 

y 3 — 3gy — 0 (mod p). 

But the negative of the left member is the result of substituting 
r + s — — t, rs — ~ y — 21c 
in the expansion of the product 

(r 3 — 3 hr — j ) (s 3 — 3 ks — j). 

The latter is congruent to zero modulo p for no values of r and 
s which are integers or the roots of an irreducible quadratic 
congruence with the integral coefficients t, — y — 2k. 

For p - 2, P = 8u. For p = 5, P is the product of two 
invariants* 

(50) 5;u§225a2541, <$13524534<$43, 

neither of which is a product of invariants. The last property 
is true also of the following invariants : 

Yl5o3, 74$02, 72Ml25 3 oS2o542, 

(51) 

73801810823333540, /37o5i4S2l83i544. 

The product of these seven invariants and aS 00 equals the product 
of all the linear functions of a, b, c, d, not proportional modulo 5. 

For p — 2, each of the 15 linear functions is a factor of just 
one of the following invariants (no one with an invariant factor) : 

(52) a5 0 o, 8n, /37 o 5 0 i, K — b + c, (a ~f- b -f- e)5io. 

For any p 4= 3, the cubic form has the formal invariant 

(53) G ~ 3(bc p — b v G ) — (ad p — a p d), 

* In those linear factors of the first which lack c, the product of the coef- 
ficients of a and 6 is a quadratic non-residue of 5; in those of the second in- 
variant, a quadratic residue. 
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and an absolute formal invariant* K of degree p — 1. For 

2? = 5, 

(54) K = 6 4 + c 4 — b 2 d 2 — a 2 c 2 — bc 2 d — ab 2 c + acd 2 + a 2 bd. 

Thus, for p — 5, K and the discriminant D are invariants of 
degree 4, and weights s 0, 2 (mod 4), while aS 00 and G are 
of degree 6 and weight ss 3 (mod 4). It follows from § 10 that 
there are no further invariants of degree less than 8. Now the 
first and second invariants (51) are of degree 10 and weight s= 1 
(mod 4). Hence if either is expressible as a polynomial in in- 
variants of lower degrees, it must be the product of D by a 
linear function of a8 0 o and G . This is seen to be impossible 
either by a consideration of the terms of degree 5 in d or by 
noting that D has no linear factor. Thus 7 i 5 03 or y 4 5 0 2 occurs in a 
fundamental system of invariants. 

Invariantive products of linear functions of the coefficients 
of the cubic form therefore play an important r61e in the theory 
of its formal invariants. Whether or not they play as dominant 
a r61e as in the case of the quadratic form is not discussed here. 
We shall however treat more completely the seminvariants. 

10. Formal Seminvariants of a Binary Cubic for p > 3. — We 
shall first determine the character of the function to which any 
seminvariant S(a, b, c, d) reduces when a — 0. Set A ~ 36, 
2J 3 = 3c, C — d. Then (26) and (46) give 

A' = A, B' - A + B, C = A + 2B + C (when a = 0). 

Any function unaltered by this transformation is (§ 7) a poly- 
nomial in A, B 2 — AC, yo, or the product of such a polynomial 
by /3', where 70' and /3' are the functions 70 and /3 written in 
capitals. But 

jp-i 

7o' = JJ (3 t 2 b + 3 tc + d) — [5jo]a=o, 

<== 0 

P “ S + C)} = Ma-O, 

t = 0 

* Transactions of the American Mathematical Society, vol. 8 (1907), p. 221 ; 
vol. 10 (1909), p. 154, foot-note. Bulletin of the American Mathematical 
Society, vol. 14 (1908), p. 316. Cf. Hurwitz, l. c. 


52 


THE MADISON COLLOQUIUM. 


modulo p. Hence 

(55) S = cur (a, 6, c, d) + 7 k e d>(b, Q, fyo) (c = 0 or 1), 
where k, j may be given any assigned integral values and 

(56) q~ c 2 — $bd, — 3 b 2 q = [D \ a= 0 , 

D being the discriminant off. We use the seminvariants (II, § 2) 

(57) $2 = — 6 2 + ac, S 3 = 2b 3 + a (ad — 36c). 

First, let p ~ 5. Then q = c 2 + 2bd. We have the formal 
seminvariants* 

cr 3 = bq — a{ab -f- 2cd), 

Ci = K — S 2 2 = g 2 -f- a(abd — 2 ac 2 + b 2 c -j~ cd 2 ), 
a 5 = 6g 2 + a(— ad 3 — bed 2 + 3c 8 d + abc 2 — 26 3 c + a 8 6), 

<r 6 = q 3 -\- a (ad 4 — 2bcd 3 — c 3 d 2 + abc 2 d — 2b 3 cd + a 3 6d+ 2ac 4 

(58) — 6 2 c 3 — 2a 3 c 2 + a6 4 ), 
cr 7 — qy 0 + a{2(6 2 — ac)d 4 + a 2 bd 3 — bc 2 d 3 — 2 c 4 d 2 + 2a 2 c 2 d 2 

— 2ac(b 2 — ac)d 2 — (6 2 — ac) 2 d 2 — 2 a 4 d 2 + 2abc 3 d 

~b 2a 3 bcd + 2ab 4 c + 3(6 2 — ac)c 4 — a 4 6 2 -f- 2a 3 c 8 }, 

while 2G differs from 670 by a multiple of a . By (55)- (58), 8 
differs from a polynomial in the seminvariants 

(59) a, D, Si) St, eg, K) 0's, ffe, <r 7 , G, 70, 5oo 

by a function a\ + pbb g 00 + a-qd^ 0 , in which p and cr are constants 
at least one of which is zero (in view of the degree of the terms). 
But the increme nt to bS g 0 under transformation (26), (46), is 

* As the terms with the factor o were taken all of the proper degree and 
weight; then a term common to a combination of the seminvariants ( 59 ) was 
deleted. Finally the coefficients were found by a process equivalent to the 
use of a (non-linear) annihilator, Transactions of the American Mathematical 
Society, vol. 8 (1907), p. 205. Expansions were made in powers of d and the 
terms involving d rechecked. As each remaining term involves a new coef- 
ficient, there is no doubt as to the existence of covariants of type era, <re, 07 , 
though the terms free of d were not rechecked. 
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a8 9 0 o with the term ad &0 , while d does not occur to this power in 
the increment to a function X of degree bg. Again, the increment 
to q8o 0 has the term 2 ad 1+5h , while the increment to a function 
X of degree bh + 1 is of smaller degree in d. Hence p = <r = 0. 
Then in ah, X is a seminvariant which may be treated as was the 
initial 8. 

A fundamental system of formal seminvariants of the binary 
cubic form modulo 5 is given by the functions (59). 

IX. For p — 2, the method of § 10 fails. In place of c we 
now introduce the seminvariant K = b + c. Then the trans- 
formation (26), (46), becomes 

(60) a' — a } K' — K, b r ~ a b } d' = a -f- K ~h d. 

By § 3, any seminvariant 8 (a, K, 6, d) becomes for a = 0 a 
polynomial in K, b , d(K + d). In place of the last we may 
use Sqo- Hence 

8 - a<r + 0(6, Z, S 00 ), 6oo = d(a + K + d). 

We make use of the seminvariants 

A = ad -f- be = 5oo + 5oi, (3 — 6 2 -}- ab, 

' U) p + A = bK + o(6 + <2). 

Hence 8 differs from a polynomial in K, 5 0 o, A, /5 by a function 
ap + 6r(/3, 5oo)* Let (60) replace p by p'. Then p +• p' b r 
(mod 2). Take a = K = 0; then (60) is the identity and 
0 = r(6 2 , d 2 ) identically in b, d. Hence the function r(j8, 5) 
is identically zero. Thus ap and hence p is a seminvariant. 
Hence a , K, <$ 0 o, A, 13 form a fundamental system of formal semin- 
variants of the cubic modulo 2. 

Note that A 2 is the discriminant, so that A is an invariant. 
The invariants (52) may be expressed in terms of our semin- 
variants: 

5h = I + A, /Syo^oi = /3(/3 -j- K 2 + o,K) (A -f- 5oo), 

2 (a + K)8 10 = (a + K)(a? + I) - a8 0 0 + KI, 
where I — a 2 4* aK + 5oo is an invariant. 
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12. Miss Sanderson's Theorem .* — Given a modular invariant i 
of a system of forms under any modular group G, we can con- 
struct a formal modular invariant I of the system of forms under 
G such that I = i (mod p) for all integral values of the coefficients 
of the forms. As the proof does not give a simple method of 
actually constructing I from i, it is in place here to give a very 
interesting illustration of the theorem with independent veri- 
fication. Take as i the fundamental semin variant (— l) m Pm^ia m 
of a binary form/ (Lecture II). Then I is the quotient Lm+^Lm, 
where L m is given by (16) or (17) with x h --,x m replaced by the 
first m coefficients a Q , a lt ■ • •, a m - X of the binary form f. Now 
x = x" + y', y - y f , replaces fix, y) by a form in which the 
coefficient a/ is a linear function of ao, • • • , <%. Hence Lj is a 
formal seminvariant of / modulo p. First, 



a x p 

CLl 


-r a 0 = a^ai — ai p 


is a formal seminvariant which reduces to — P 0 ai for integral 
values of ao, a x , where Po — 1 — a 0 p ~ 1 . Compare (27). Next, 


a 0 p 

cti p 

a 2 p ' 

a 0 p 

a x p 

a 2 p 

a 0 

ai 

a 2 


C = Lz[Li = a 2 p2 — a 2 p Q + aiL^T" 1 (mod p), 
where, as in (10), 

ao p ~a\ — aoa x pi dr 


Q = 


£ ao^ p ~ j) a 1 ti is = p - 1). 

i=0 


For integral values of the a’s, we have 

X 2 ~ 0, Q= a 0 * + ai® + ip — l)a 0 ®ai® s 1 - Pi, 

Pi = (1 — a 0 ®)(l — ai®), 

modulo p, since each term of Q, with j =j= 0, j 4= P, is congruent 


* Transactions of the American Mathematical Society, vol. 14 (1913), p. 490. 
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to arfai*. Hence C = Pj,a 2 . Similarly, 

La/Ls = — a 3 pS + <i3 p2 Q32 — a s p Qsi + azLz^ 1 (mod p), 
where the Q’s are defined by (16) and are congruent to* 

Qn = Q,{LzlLz) p ~ l + Z 2 p2_p , Q s2 = (LzfLf) 1 ^ 1 + Q p , 
with Q as above. Hence for integral values of the a's, 

£31 = (1 - Pi)Pia^~ l = 0, Qz2=1- Pi (1 - a^ 1 ) = 1 - P 2 , 

Li/Lz = — P 2 ft3* 

13. Modular Covariants . — Extending the usual definition of a 
covariant of an algebraic form / to the case in which the group is 
the set of all linear transformations with integral coefficients 
taken modulo p, we obtain the concepts modular covariants or 
formal modular covariants according as the coefficients of / 
are integers taken modulo p or are indeterminates. The contrast 
is the same as in § 5. The universal covariants obtained in § 2 
and § 4 do not involve the coefficients of / and hence are formal 
covariants. 

I have recently provedf that all rational integral modular 
covariants of any system of modular forms are rational integral 
functions of a finite number of these covariants. In the same paper 
I proved that a fundamental system of modular covariants of the 
binary quadratic form (25) modulo 3 is given by the form f itself, 
its discriminant A, the universal covariants L and Q, together with\ 

q = (a + c) ( b 2 + ac — 1), / 4 — aa 4 + bx s y + bxy 3 + cy 4 , 

(63) C\ = ( a 2 b — b z )t c 2 + 2 (& 2 + ac) ( c — a)xy + (6 3 — bc 2 )y 2 , 

C<i — (A + a 2 )x 2 — 2b (a + c)xy + (A + c 2 )y 2 . 

Here / 4 is a formal covariant, which is congruent to / for integral 

* Transactions of the American Mathematical Society, vol. 12 (1911), p. 77. 

t Transactions of the American Mathematical Society, vol. 14 (1913), pp. 
299-310. The extension, to cogredient sets of variables has since been made 
by Professor F. B. Wiley, and will be published in his Chicago dissertation. 

t No one of the eight is a rational integral function of the remaining seven 
even in the case of integral coefficients a, b, c taken modulo 3. 
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values of x, y. Also C% and (as here written) 0\ are formal 
covariants. Note that — q is the invariant (42) of Lecture II. 
When q is made homogeneous by replacing — a — c by — a 3 — c 3 , 
we obtain the formal invariant V — y 2 , given by (32). The 
resulting eight formal covariants of / do not form a fundamental 
system of formal covariants; not all the formal invariants are 
polynomials in A and T (§ 8). No instance of a fundamental 
system of formal covariants has yet been published. 

The method of proof will be here illustrated by the new and 
simpler case of a binary quadratic form (20) with integral coef- 
ficients modulo 2. By § 6 any invariant of / is a polynomial in 

(24') b, abc, q- (b + 1) (a + c) + ac, 

to which the formal invariants (24) reduce modulo 2. Such a 
polynomial is congruent to a linear function of these three and 
unity, since 

bq s abc (mod 2). 

Further, any seminvariant is a polynomial in a, b and q (§6), 
and hence is a linear function of 1, a, b } ab, q, abc. For, 

aq = a + ab + abc (mod 2). 

These results are in accord with those obtained otherwise in § 14 
of Lecture II. We shall now prove the following theorem: 

Every rational integral covariant K of the binary quadratic form f 
modulo 2 is a rational integral function of f, its invariants b and q, 
the universal covariants 

Q = x s + xy + y 2 , L = x 2 y + xy 2 , 

and the linear covariant 

l— (a + b)x + (b + c)y } H = f + bQ ( mod 2). 

The leading coefficient $ of A is a seminvariant and hence is 
of the form I + ra + sab, where r and s are constants, and I 
is an invariant, a linear combination of the invariants (24') and 
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First, let K be of even order 2 n. Then 

Ki = K - IQ n - rf n - sbf n 

is a covariant in which the coefficient of x 2n is zero and hence 
has the factor y. Thus Ki has the factor L and the quotient is 
a covariant of order 2n — 3 to which the next argument applies. 
Next, let K be of odd order: 

K = Sx 2n+1 + Six 2n y 4* • • •• 

After subtracting from K constant multiples of lQ n and blQ n , 
in which the coefficients of x 2n+1 are a + b and ab ■+■ b, re- 
spectively, we may assume that S is an invariant. After also 
subtracting from K a constant multiple of ILQ n_1 , where I is a 
linear combination of the invariants (24') and unity, we may 
assume that Si = fta + /3 2 c, where the /3’s are functions of b 
only. Then the covariance of K with respect to the trans- 
formation (21) gives 

&r H +&VV+ • • • =K=Sx f ' n+l + (S+Si)x ,tn y'+ • * • (mod 2), 

where Si denotes the function Si formed for the new coefficients 
(22). Hence 

Si — = /3 2 (a + b) 

must equal the invariant S. Since /3 2 6 is a function of the in- 
variant 6, foa must be an invariant, so that |S 2 = 0. Thus 
S = 0 and K has the factor L as before. Hence the theorem is 
true for co variants of order co if true for those of order co — 3. 
But it was proved true for those of order zero. 

By a similar method I obtain the following theorem: 

A fundamental system of covariants of the binary quadratic form 
f, given by (20), and the linear form X = a^x + a\V modulo 2 is 
given by f, X, l , 

h - {aa z + j)x + {ca x + j)y, 

Q, L and the invariants b, q, (ai — 1) (a 2 — 1) and 
j — (a + b)ai 4“ (6 + c)a 2 . 
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Since fli and a 2 are cogredient with x and y, the function j 
obtained from the covariant l of / is an invariant of / and X. 

The reverse of the last process is important. If we adjoin to a 
system of binary forms in the variables x' and y' the linear form 
y X ' — xy' } any modular invariant of the enlarged system, formal 
as to x, y, is a modular covariant of the given system with x', y' 
replaced by x, y. The theorem of § 12 therefore proves the 
existence of certain formal covariants.* 

Applications of Invariants of a Modular Group, §§ 14, 15 

14. Form Problem for the Total Binary Modular Group V , — 
This group is composed of all binary linear transformations (7) 
with integral coefficients taken modulo p whose determinant A 
is not divisible by p. By (8), 

(64) L(x } y) s A L(X, Y ), Q(x, y) = Q(X, Y) (mod p), 

so that Z Jr “ 1 and Q are absolute invariants of T. Hence, of the 
functions (11), q is invariant under T, while l is unaltered by certain 
transformations and changed in sign by others. Thus a homo- 
geneous function of q and l having a term which is a power of q 
is a relative invariant of T only when an absolute invariant. 
Hence if p > 2, it involves only even powers of l, and by the 
homogeneity, only even powers of q. Hence any absolute in- 
variant of T is a product of powers of L^ 1 and Q by a polynomial 
in q y , P, where y = 1 if p — 2, y = 2 if p > 2. 

In particular, Z p-1 and Q form a fundamental system of absolute 
invariants of T. The so-called form problem for the group T 
requires the determination of all pairs of values of the variables 
x and y for which Z p ~ 1 and Q are congruent modulo p to assigned 
values X and ju, either integers or imaginary roots of congruences 
modulo p. We have therefore to solve the system of congruences 

(65) {L(x, y))^ 1 = X, Q(x, y) s p (mod p). 

* After these lectures were delivered, I saw a manuscript by Professor 0. 
E. Glenn, containing tables of formal concomitants for forms of low orders 
and moduli 2 and 3. He employs transvection between the form and the 
covariant L of § 2. 
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First, let X ^ 0. For z = z or z = y, we have 
z pZ y p2 z pi 

0 s z p y p z p | ss Lz p 8 — QLz p + L p z (mod p). 


z p y p z p 
z y z 


Hence z and y are roots of 

(66) F(z) — z pi — yz p + Xs = 0 (mod p). 

Having no double root, this congruence has p 2 distinct integral 
or imaginary roots. These roots are 


(67) eX+fY («,/= 0,1, 1), 

where X and Y are particular roots linearly independent modulo 
p. For, 

(68) F{eX + fY) = eF(X) + fF(Y). 

Hence any pair of solutions z , y of (65) is of the form (7), where 
a, • • • , d are integers, whose determinant A is not divisible by 
p, in view of (64i) and X sj= 0. 

Conversely, if X and Y are fixed linearly independent solutions 
of (66), any pair of linear functions of X and Y with integral 
coefficients, whose determinant is not divisible by p, gives a 
solution of (65). Indeed, by (68), z and y are solutions of (66). 
From the two resulting identities, we eliminate X and y in turn 
and get 

P = Q(x, y), {L(x, y)) p = \L(z, y). 


Since X and Y are linearly independent modulo p, L(X, Y) is 
not divisible by p [cf. (6)]. Thus L(z, y) sfs 0 by (64). Hence 
(65) hold. 

Hence, for X + 0, the form problem has been reduced to the 
solution of congruence (66). The latter will be discussed here 
in the simple but typical* case in which X and y are integers. 
Now the problem to find the real and imaginary roots of a con- 

* For the general case, see Transactions of the American Mathematical 
Society, vol. 12 (1911), p. 87. 
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gruence with integral coefficients is at bottom the problem to 
factor it into irreducible congruences with integral coefficients. 

When v is an integer, z v — vz is a factor of (66) if and only if 
v is a root of the characteristic* congruence 

(69) a 2 — + X = 0 (modp). 

Such a binomial is a productf of binomials z d — 8 , irreducible 
modulo p, whose degree d is the exponent to which the integer v 
belongs modulo p. Since 2p — 1 < p 2 , the function (66) has 
an irreducible factor of degree D > 1, not of the preceding 
type z d — 8, and hence with a root r such that r p [r is not congruent 
to an integer. Thus every root of (66) is of the form cir-f-ctr*, 
where the c’s are integers. The irreducible factors of (66) are of 
degree D except those , occurring only when (69) has an integral 
root , of the form z d — 8, where d is a divisor of D. 

To find D, note that by raising (66) to the powers p, p 2 , • • *, 
we can express z pt as a linear function l t of z p and z. Now D is 
the least value of t for which h = z. But the coefficients of It 
are the elements of the first row of the matrix of S*" 1 , where 



* Note the analogy of (66) with the linear differential equation 

having the solution z = e vt if v is a root of v 2 — fxv + X = 0. Also, (68) holds. 
Make dz/dt correspond to z p and hence d 2 zldt 2 to (z p ) p . Thus the differential 
equation corresponds to (66), and the integral z = e vt (viz., dz/dt = vz ) to 
z p = vz. 

f Let f(z) be an irreducible factor of degree d. Its roots are 
r, r p = vr, = i> 2 r, • • *, = v d ~ l r, 

where v d = 1, v l + 1, 0 < l < d. Thus d is a divisor of p — 1. Hence 

Z P-1 — v = 2 p-i — r p~l 

has the factor z d — r d . The latter has a root r in common with f(z). But 

( r d) p-l = yd s 

Thus 5 = r d is an integer. Hence f(z) = z d — 5. 
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But Ijo = 2 implies that 1$+ 1 = z p . The condition for the latter is 
therefore 8 s — 1. Hence D is the period of S. But (69) is 
the characteristic determinant of 8. According as it has distinct 
roots Vi and or equal roots v = = X*, a linear substitution 

of matrix 8 can be transformed linearly into one of matrix* 


(v x 

°\ 

/v v\ 

\o 

«2/ 

\0 v) 


According as the characteristic congruence (69) has distinct {real 
or imaginary) roots or a double root , D is the least common multiple 
of the exponents to which the distinct roots belong modulo p, or is p 
times the exponent to which the double root belongs. 

Finally, let X = 0. By (6), either y = 0 or x — ay zb 0 
(mod p ), where a is an integer. In the first case, 

Q = x p *- p , x pi - px p = 0. 

If p = 0, then x — y = 0. If p 4= 0, the roots x are equal in 
sets of p and hence are cxi (c — 0, 1, • • *, p — 1), where a*' is a 
particular root not divisible by p. In the second case * - ay m 0, 
we take x — ay as a new variable X and conclude from the 
absolute invariance of Q that 

Qfr, y) = 6 ( 0 , y) - y pt ~ p > 

We thus have the first case with y in place of x. 

Using similar methods, I have solved the form problem for 
the total group of modular linear transformations on m variables.f 

15. Invariantive Classification of Forms. — Let 

(70) 4>{x, y) = x m + • • • (m > 1) 

be a binary form irreducible modulo p and having unity as the 
coefficient of the highest power of x. Let G be the group of all 
modular binary linear transformations (1) with integral coef- 

* In the second case we use the new variables x and x — vy. 
t Transactions of the American Mathematical Society, vol. 12 (1911), pp. 
84-92. 
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ficients of determinant unity. Let <f>i = <j>, fa, • * ■, <j> k denote 
all the forms of type (70) which can be transformed into constant 
multiples of $ by transformations of G. Evidently their product 
P = <^02 • • • <f>k is transformed into c t P by any transformation 
t of G. The constant c t is easily seen* to be congruent to unity. 
Hence P is an absolute invariant of G. If m > 2 , no <f>i vanishes 
for a special point. We now apply the theorem in the first part 
of § 14. Hence, if m > 2, the absolute invariant P is an integral 
function with integral coefficients of the invariants q, l, each ex- 
ponent of q and l being even if p > 2. In view of the definition of 
the (hi, this function of q and l is an irreducible function of those 
arguments modulo p. 

Two binary forms shall be said to be equivalent if and only if 
one of them can be transformed into a constant multiple of the 
other by a transformation of G. A set of all forms equivalent 
to a given one shall be called a genus. Thus (j>i, • • •, 4>k form a 
genus. All of the irreducible forms (70) separate into a finite 
number / of distinct genera; let Pi, • * •, P f denote the products 
of the forms in the respective genera. Thus — P x ■ • • P } 
is the product of all of the binary forms x m -|- • • • irreducible 
modulo p. Hence 7 r m is a polynomial in q, l with integral coef- 
ficients. Hence the f genera of irreducible binary forms of degree 
m > 2 are characterized invariantively by the f irreducible factors 
Pi{q, l ) of 7 r m (q, l ) modulo p. 

We shall see that it m (q> l ) is easily computed. By finding its 
factors irreducible modulo p in the arguments q, l, we shall have 
invariantive criteria for the equivalence of two irreducible 
binary forms of degree m. For example, we shall prove that 
7 t 8 - q — Hi p - 2, so that all irreducible binary cubic forms 
modulo 2 are equivalent. Further, 7r 3 = q 2 — l 2 if p > 2, so that 
the irreducible cubic factors of q—l are all equivalent, also those 
of q 4" l, while no factor of the former is equivalent to one of the 
latter. 


* Transactions of the American Mathematical Society, vol. 12 (1911), p. 3, § 4. 
The present section is an account of the simpler topics there treated at length. 
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In general, let m be a product of powers of the distinct prime 
numbers qi, • • *, and set 

F t ~ (x pt y — xy pt )JL . 

From the expression for due to Galois we readily obtain 

_ F m • HF ml q. Q. • FLF m jq.g : .q k q l ■ • • 

“ ILF mlai • UF' mim . Qk • • • ' 

in which the first product in the numerator extends over the 
fp(p — 1 ) combinations of qi, • • •, two at a time, and similarly 
for the remaining products. By the first theorem of this section, 
and ( 11 ), Tr m is a polynomial in 

J = q y — <2 jH " 1 , K~P — L p{p ~ 1) (y — 1 if 23 = 2 , 7= 2 if p> 2 ). 

We readily verify the recursion formula 

F t m QFU - KFt* (mod p), 

since F\ — 1, F% = Q. In particular, 

F* m J - K, Ft m Q(Fz p - KJ *-*). 

Now 7 T 3 = Fz, 7 T 4 — Ft/Q. Hence 

7 t 3 = J - K, tt 4 = J p - K p - KJ r- 1 (mod p). 

The first of these results was discussed above. Next, for 
p = 2, 7 T 4 is the irreducible quadratic form q 2 — l 2 — Iq, so that 
all quartic forms irreducible modulo 2 are equivalent. For 
p > 2, X 4 vanishes for K = pJ, where 

p*> == 1 _ p (mod p). 

Except for p ss J, p is a quadratic Galois imaginary since 
pP 8 == 1 — pP == p (mod p). 

Thus W 4 is a product of J — 2 /C and |(p — 1) irreducible quad- 
ratic forms in J, IC. Some of the latter yield a quartic in q and l 
which is irreducible; others yield a quartic which is a product of 
two irreducible quadratics modulo p. A simple discussion shows 
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that the number of irreducible factors of 7 r 4 (?, 1) is Qk + t + 1 
if p = sk + t (t= ±1 or — 3), but is Qk + 2 if p = 8k + 3. 
We have therefore the number / of genera of irreducible quartics 
modulo p. For quintics and septics, the analogous discussion 
is simple, for sextics laborious. 

We may utilize similarly the invariants (16) of the group on 
m variables, obtain expressions in terms of them of the product 
of all forms in m variables of specified types (as quadratic forms 
transformable into an irreducible binary form, non-vanishing 
ternary forms, non-degenerate ternary quadratic forms, etc.), 
and hence draw conclusions as to the equivalence of forms of the 
specified type.* 

* Transactions of the American Mathematical Society, vol. 12 (1911), pp. 
92-98. 


LECTURE IV 


MODULAR GEOMETRY AND COVARIANTIVE THEORY OF A 
QUADRATIC FORM IN m VARIABLES MODULO 2 

1. Introduction. — The modular form that has been most used 
in geometry and the theory of functions is the quadratic form 

(1) q m (x) = XdjXiXj + 2 te 2 (i, j = 1, ■ • m; i< j ) 

with integral coefficients taken modulo 2. In accord with 
Lecture III, we shall use the term point to denote a set of m 
ordered elements, not all zero, of the infinite field F% composed of 
the roots of all congruences modulo 2 with integral coefficients. 
We shall identify such a point (x 1} • • x m ) with (px i, • • •, px m ) 
where p is any element not zero in F^ The point is called real 
if the ratios of the a’s are congruent to integers modulo 2. 
Let the cy and &,■ in (1) be elements not all zero of the field F 2 . 
Then the aggregate of the points (jx) — (x h • ■ *, x m ) for which 
q m (x ) = 0 (mod 2) shall be called a quadric locus, in particular, 
a conic if m — 3. The locus is thus composed of an infinitude 
of points, a finite number of which are real. 

While our results are purely arithmetical, we shall find that 
the employment of the terminology and methods of analytic 
projective geometry is of great help in the investigation. Usually 
the proofs are given initially in an essentially arithmetical form. 
In case a preliminary argument is based upon geometrical 
intuition, a purely algebraic proof is given later. The geometry 
brings out naturally the existence of a linear covariant, which is 
important in the problem of the determination of a fundamental 
system of co variants. 

2. The Polar Locus . — The point (*yi + xy m + Xzm) 

is on q(x) = 0 if 

(2) K 2 q(y) + K\P(y, z) + \ 2 q(z) = 0 (mod 2), 
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where 

(3) P(y, 3 ) = ZcijiyiZj + yfii) (i, j = 1, • • • , m; i < j). 

If ( 2 /) is a fixed point, all points ( 2 ) for which P(y, z) s 0 
(mod 2) are said to form the polar* locus of (?/). For ( 2 ) = (?/), 
each summand in (3) is congruent to zero modulo 2. Hence the 
polar of ( y ) passes through ( y ). If ( 2 ) is on the polar of (y), (2) 
has a double root k : X and the line joining (y) and ( 2 ) is tangent 
to q = 0. 

We may write (3) in the form 


(30 


P(y, z) = uiy x + ■ 

1 • * ~t~ u m y m> 



where 







Ui = 

Cl 2 2 2 + Ci 3 2 3 + 

C 14 Z 4 + • * " 

+ 



Ui = 

Cx 2 2i + C 23 2 3 + 

C 24 Z 4 + • • • 

+ 


(4) 

U3 = 

Cl 3 2i + C 23 2 2 + 

c 34 z 4 + * * ' 

+ 



U m = CimZi + Co w Z 2 + C 3m 2 3 + • • * + Cm-lmPm-l. 

There is a striking difference between the cases to odd and m 
even. 

3. Odd Number of Variables; Apex; Linear Tangential Equation, 
Let to be odd. Then the determinant of the coefficients in (4) 
is congruent modulo 2 to a skew-symmetric determinant of odd 
order and hence is identically congruent to zero. Hence we can 
find values of 2 x, • • • , z m not all congruent to zero such that 
ui, • • • , Um are all zero modulo 2. Thus the polars of all points 
(y) have at least one point in common. 

We shall limit attention to the case in which the pfaffians 

(5) 0i-[23 •••to], 02= [134 • • • to], •••, On ==[12... to- 1] 

are not all congruent to zero. The point (Ci, • • •, C m ) shall be 

* Take k — 1 and let ( 2 ) be a point not on q(x) es 0. Then (2) is a quad- 
ratic congruence in X with coefficients in P 2 and hence has two roots \i and X 2 
in that field. Now the points (y) and ( 2 ) are separated harmonically by 
(y + ^ 12 ) and (y + X 2 2 ) if and only if Xi sa — x 2 , that is, if Xi m X 2 (mod 2). 
But the condition foi; a double root of (2) is P s= 0 (mod 2). 
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called the apex* of the locus q(x) = 0. Now each u t ss 0 if 
Z\ = Ci, ■ • ■ , Zm = Cm,. Hence, for m odd, the polars of all points 
pass through the apex. 

If ( y ) is any point not the apex, the line joining {y) to the apex 
is tangent to q{x) = 0 (§2). Thus any line through the apex is 
tangent to q{x) s= 0. 

For m = 3, it is true conversely that, if the line 

(6) ThuiXi s 0 (mod 2) 

is tangent to q(x ) = 0, it passes through the apex, so that 

(7) k = HOW 

is zero modulo 2. Taking, for example, u 3 =(= 0, we obtain by 
eliminating x 3 from (6) and q(x) s= 0 a quadratic equation in 
xi and x 2 whose left member is the square of a linear function 
modulo 2 if and only if the coefficient of xix 2 is congruent to zero. 
But this coefficient is the product of tc by a power of u 3 . Thus 
k = 0 is the tangential equation of q(x) = 0. 

The last result is true for any odd m. The spread (6) is said 
to be tangent to q{x) = 0 if the locus of their intersections is 
degenerate. Taking u m 4= 0, and eliminating x m between (6) 
and q(x) ss 0, we obtain a quadratic form whose discriminant, 
defined by (24), equals a product of k by a power of u m , and hence 
is degenerate if and only if k = 0. 

We thus have geometrical evidence that tc is a formal contra- 
variant of q{x), i. e., an invariant of q(x) and huiXi. 

To give an algebraic proof, note that tc is unaltered when Xi 
and xj are interchanged, while 

(8) X \ = xT + %2, £2 = x*, • • x m = x m ' 

replaces q(x) by q'(x') in which the altered coefficients are 

(9) h 2 — &2 H~ + Ci2, @2i — on + cu (i = 3, • • *, m). 

’"After these lectures were delivered, I learned that Professor TJ. G. 
Mitchell had obtained, independently of me, the notion apex (“ outside point ”) 
for the case m *» 3, Princeton dissertation, 1910, printed privately, 1913. 
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The pfaffians C 2) • ■ •, C m are unaltered modulo 2, while 
(10) Ci=Ci~\-C 2 , u 2 '^U 2 -bui, u/=Ui (f=f=2) (mod 2), 

Hence k is unaltered modulo 2. Note that 


0 

C12 

Cl3 * * * 

C\m 

Ui 

C12 

0 

C 2 3 

Cim 

u 2 

Cl m 

C’lm. 

C3m ’ ' * 

0 

U m 

Ux 

U 2 

u 3 

u m 

0 


(mod 2). 


We saw that Ci, • • *, C m are cogredient with xi, • • •, x m . This 
is evident from the fact that the apex is covariantively related 
to q(x). Hence if we substitute Ci for X\ } • • •, C m for x m in (1), 
we obtain the formal invariant 


(12) q m (C) = 2 djCiCj + 2biC» (i, j = 1 , . . m ;i < j). 

If this invariant vanishes, the apex is on the locus, which is 
then a cone. Indeed, by (2), every point on the line joining ( C ) 
to a point on q(x) m 0 lies on the latter. Hence q(x) can be 
transformed into a form in m — 1 variables and hence has the 
discriminant zero. To argue algebraically, let new variables be 
chosen so that the apex becomes (0, • • •, 0, 1). The polar of any 
point (y) passes through the apex. Taking z x ~ 0, • • •, z m -i — 0, 
Zm = 1 in (4), we see that the polar (3') becomes ci m yi + • • • 
4* Om-imymr-i , which must vanish for arbitrary y’s. Hence 
b m xj is the only term of (1) involving x m . But the apex is on 
the locus. Hence b m — 0 and q(x) is free of x m . The converse 
is obvious from (5). 

Whether m is odd or even, q(x) has the invariant 

( 13 ) A m — U(dj + 1 ) (i, j = 1 , • • •, m\ i < j). 

This is evidently true by (9) or as follows. If A m m 1 (mod 2), 
every c iS s= 0 and q = (Z6^) 2 ; while if A m as 0, at least one 
Cij is not congruent to zero, and q is not a double line. 

Hence the product A m q(x) is a co variant; in fact, the square 
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of the linear covariant AXLbiXi. We shall see however that there 
exists a more fundamental linear covariant. 

4. Covariant Line of a Conic . — Since we shall later treat in 
detail the case m ~ 3, we shall replace (1) by the simpler notation 

(14) F(x) = aiXzXz + a 2 xix s + a s x ix 2 + Mi 2 + b 2 x 2 2 + b z x£. 
Its apex is (a X) a 2 , a z ). Its discriminant (12) is 

(15) A = F(a h a 2} af) = a x a 2 a z -f- ai 2 &i -J- a 2 2 b 2 -j- as 2 b z . 

The invariant (13) becomes 

(16) X — ol ia 2 a 3 (ai = a,- 4* 1)« 

Consider a form (14) with integral coefficients and not the 
square of a linear function. Then not every is congruent to 
zero modulo 2. By an interchange of variables we may set 
a 3 s 1. Replace x x by X x + a x x z and x 2 by X 2 + a 2 x z . We get 

X\X 2 -J- b x X x 2 4" b 2 X 2 -f" Ax z 2 . 

Let A - 1. Replace z 3 by X 8 4- b x X x 4- b 2 X 2 . We get 

(17) <j> = X x X 2 4* X3 2 . 

The only real points on 0 = 0 (mod 2) are (1, 1, 1), (1, 0, 0), 
(0, 1,0). In addition to these and the apex (0, 0, 1), the only 
real points in the plane are (1, 1, 0), (0, 1, 1), (1, 0, 1). These 
lie on the straight line 

(18) X\ 4~ X 2 4- Xs = 0 (mod 2). 

Hence with every non-degenerate conic modulo 2 is associated 
covariantly a straight line. 

The inverse of the transformation used above is 

X\ = Xi 4" o> x x Z} X 2 = z 2 4- 

X 3 = biXi + & 2 a; 2 4" (1 + 4“ azb 2 )x z . 

It must therefore replace 4> by the general form (14) having 
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a , 3 = A £3 1 . It actually replaces (18) by 

(h + 1)^1 + (&2 + 1)^2 + (&3 4“ «1«2 4* 1)#3> 

in which, we have added A + 1 = 0 to the initial coefficient of x 3 . 
Guided by symmetry, we restore terms which become zero for 
a 3 = 1 and get 

L — Yj (Pi + 1)*<» 

(19) 

jdl = b\ + «2«3; /?2 = &2 + «1«3j 3 = &3 + CKl^. 

Making the terms homogeneous we obtain the formal co- 
variant 

(20) L — B\Xi 4* B 2 X 2 4* B 3 X 3 , 

B\= hi 2 4" &2&3 4" ®2 2 4“ Ct3 2 , J?2 = &2 2 4“ &1&3 4“ &1 2 4" &3 2 , 
V > B 3 = &3 2 4" ®1^2 4" &1 2 4" <^2 2 - 

Under the substitution (aiaf) (bib/) induced upon the coefficients 
of F by (.XiXj), we see that Bi and Bj are interchanged. Under 
(9), viz., 

( 22 ) 62 ' = &2 4 h 4- CI 3 , a\ s oi 4- «2 (mod 2 ), 
there results 

(23) Bf = 5i, 5a 7 = B 2 + B h B 3 ' m B 3 (mod 2). 

Hence ( 20 ) is a formal covariant of F. For other interpretations 
of L see § 8 . 

5. Even Number of Variables . — The determinant of the coef- 
ficients in (4) is congruent modulo 2 to the square of the pfaffian 

(24) A ot = [123 • • • to]. 

This is in fact the discriminant of q m , which is degenerate if and 
only if A m ss 0 (mod 2). I have elsewhere* discussed at length 
the invariants of q m . 

* Transactions of the American Mathematical Society, vol. 8 (1907), p. 213 
(case m = 2); vol. 10 (1909), pp. 133-149; American Journal of Mathematics, 
vol. 30 (1908), p. 263; Proceedings of the London Mathematical Society, (2), 
vol. 5 (1907), p. 301. 
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If A m 4 s 0 (mod 2), we can solve equations (4) for the z’ s. 
Substituting the resulting values into q(e), we obtain the tangen- 
tial equation U m 0 of q(x) s 0. For m — 2 and m = 4, we 
get 

17 2 — C 12 W 1 W 2 + &2W] 2 + &lW2 2 ^ 

U 4 = [1234]5)C34'MiW2“l"S(C23C24C34'4 _ l , 2C344‘&3cL“h&4C23)Wl 2 . 

Bordering the algebraic discriminant of (1), we find that 


(26) 2 U n 


2 &x 

Cl2 

CX3 •' 

@lm 

Ui 

C 12 

2b 2 

C 23 

' * c 2m 

u% 

Olm 

02m 

('Zrn 

■ • 2b m 

Um 

Ui 

U 2 

Us 

■ * u m 

0 


(mod 4). 


Finally, let A m = 0 (mod 2). Then all of the first minors of 
the matrix of the coefficients in (4) are zero modulo 2 . Hence 
the polars of all points have in common the points of a straight 
line S. Since its discriminant vanishes, q(x) can be transformed 
linearly into a quadratic form in a*, ■ • *, aw-i, which therefore 
represents a cone with the vertex (0, • • •, 0, 1). Let (») be the 
vertex of the initial cone q(x) s 0 . If ( x ) is any point on the 
cone, (* + Xz) is on the cone, and, by ( 2 ), P(x, z ) is congruent 
to zero identically in xi, ■ • • , x m . Hence the linear functions 
(4) all vanish. Thus the line S meets the cone in its vertex, and 
Zm is the discriminant of gw-i(a;), while a * 2 is obtained from that 
discriminant by interchanging m and i. For example, if m=4, 

Z4 2 = C12C18C23 + bids + &2C13 + &3C12, • ■ • j 

Zi 2 ~ C23C24C84 4 " &2C34 + bsdi 4 * bids. 

The product of the general form (1) by 8 — A m 4- 1 is a quad- 
ratic form whose discriminant is zero modulo 2 and hence has 
the vertex (8z h •••, 8z m ), where zf has the value just given. 
Hence Szj 2 , • • • , SzJ 2 are cogredient with xi, ■ • x m . 

6 . Covariant Plane of a Degenerate Quadric Surface. — The 
product of g 4 by 8 = [1234] 4 - 1 is a quaternary form / whose 
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discriminant is zero and hence can be transformed into a form 
(14) free of z 4 . With this cone F ss 0 is associated covariantively 
the plane l = 0, where l is the ternary covariant (19). Hence/ 
has a linear covariant L which reduces to l when & 4 = 0, c i4 = 0 
(i — 1, 2, 3). Relying upon symmetry and the presence of the 
factor 5, we are led to conjecture that 

L = 5{&i + 1 + (C 12 + l)(ci3 + l)(oi 4 + l)}#i + • • • 

+ 5{& 4 + 1 + (Cl4 + 1)(<?2 4 + 1) (fisi + 1)}.T 4 . 

It is readily verified algebraically that L is a covariant of g 4 . 

There is a simple interpretation of L. If [1234] 0 (mod 2), 

then 5=0 and L is identically zero. If [1234] = 0, g 4 is de- 
generate and can be transformed into <f> = xix 2 + x s 2 or a form 
involving only x\ and x%. In the former case, L = x\ + x% + x$. 
Of the 15 real points in space, the seven (100a;), (010a;), (111a;) 
and (0001) are on the cone </> = 0, the two (001a;) are on the 
invariant line 8 through the vertex (0001) of the cone and the 
apex (0010) of the conic cut out by a; 4 = 0, while the remaining 
six (101a;), (011a;), (110a;) lie on the plane L~ 0. Hence -with a 
degenerate quadric surface, not a pair of planes, is associated 
covariantively a plane, just as a line (19) is associated with a 
non-degenerate conic (14). 

Every linear covariant is of the form IL, where I is an in- 
variant. Every quadratic covariant is a linear combination of 
the IL 2 and Ig 4 . 

7. A Configuration Defined by the Quinary Surface . — A g 5 
whose discriminant is not zero modulo 2 can be transformed into 

F — x&i + X 3 X 4 + a?6 2 . 

The 15 real points on F = 0 (mod 2) are given in the last column 
of the table below. In addition to these and the apex (00001) 
of F, there are just 15 real points in space: 

1= (00011), 2= (01001), 3= (01011), 4= (00101), 5= (01101), 
6= (00110), 7= (OHIO), 8= (10001), 9= (10011), a= (10101), 
6= (10110), (11000), d= (11010), *= (11100), /= (11111). 
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These lie by threes in exactly 20 straight lines, which occur in the 
columns of the table, with the heading “ Sides.” With these 
lines we can form exactly 15 complete quadrilaterals, the three 
diagonals of each of which intersect* in a point on F = 0, given in 
the last column. The columns, with the heading “Plane,” give 
the equations defining the plane of the quadrilateral. In each 
case, the two equations of the plane have in common with F = 0 
a single real point, the intersection of the diagonals. Thus the real 
points on F = 0 are its points of contact with these tangent planes. 


Sides 

Diagonals 

Plane 

Inter- 

section 

146 

157 

356 

347 

13 

45 

67 

£1=0, £8+£4+£5=0 

01000 

146 

la& 

496 

69a 

19 

4a 

66 

£ 2 = 0 , £3 +£4 +£6 = 0 

10000 

146 

1 ef 

4 df 

6 de 

Id 

4e 

6/ 

£1 =£2 — £8 +£4 +£5 

11001 

167 

lab 

5ac 

76c 

lc 

56 

7 a 

£1 +£2 +£3 = £3 +£4 +£s = 0 

11011 

157 

1 ef 

58e 

78/ 

18 

6/ 

7e 

£2 = £s, £i=£ 3+£4+£5 

10010 

la6 

1 ef 

2ae 

26/ 

12 

af 

be 

£i=£ 3, £2 — £3 +£4 +£5 

01010 

28c 

29 d 

38d 

39c 

23 

89 

cd 

£8=0 , £i=£ 2 +£s 

00010 

28c 

2 ae 

5 ac 

58e 

25 

8a 

ce 

£4 = 0 , £i=£2+£5 

00100 

28c 

26/ 

78/ 

76c 

27 

86 

of 

£3 =£4, £i = £ 2+£4+£5 

00111 

29d 

2ae 

69a 

Gde 

26 

9e 

ad 

£i=£s+£ 4=£2+®6 

01111 

29 d 

26/ 

496 

4 df 

24 

9/ 

bd 

£1— £4, £2=£3+£4 + £6 

01100 

347 

38d 

4 df 

78f 

3/ 

48 

7 d 

£2 — £4, £1 = £8 +£4 +£5 

10100 

347 

39c 

496 

76c 

36 

4c 

79 

£4 = £1 +£2 = £3 +£5 

11101 

356 

38d 

58e 

6 de 

3e 

5 d 

68 

£2 =£3 +£4, £1 =£2 +£5 

10111 

356 

39c 

Sac 

69a 

3a 

59 

6c 

£5 = £1 +£2 = £s +£4 

11110 


8. Certain Formal and Modular Covariants of a Conic . — For 
conic (14), the polar form is 


(28) 


ai «2 a z 

yi yi 2/3 . 

*1 2 2 Z3 


Hence if two sets of variables yt and be transformed cogredi- 
ently with the set a:,-, this polar form (28) is a covariant of F 
and the two points ( y ), ( 2 ), in an extended sense of the term 

* The dual of the theorem of Veblen. and Bussey, “ Finite projective ge- 
ometries,” Transactions of the American Mathematical Society , vol. 7 (1906), 
p. 246. 
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covariant. In particular, if we take (y) = («), ( 2 ) = (x 2n ), we 
obtain a covariant of F in the narrow sense used in these lectures. 
In particular, 


01 

02 

03 


01 

02 

08 

Zi 

X2 

•^3 

, M — 

Xi 

Z2 

Xg 

xi 2 

Z2 2 

X 3 2 


XI 4 

Xi i 

Xg A 


are formal covariants of F . While the discriminant A, given by 
(15), is a formal invariant, (16) is not. But 

(30) A + A + 1 s a (mod 2), 

(31) a = Sdi&i + 2 a t - 2 + 0102 + 0103 + 0203> 

a being a formal invariant of F. By (23), the B’s are contra- 
gredient to the x’s and hence to the a’ s, so that 

(32) Ai = 2 aiBi - 2 ab? + 2a,a/ + aia 2 a 3 
is a formal invariant. For integral values of a,-, 

(33) Ai^As 2a»(j3t + 1) (mod 2). 

Any form with undetermined integral coefficients ci, C 2 , • • 
taken modulo 2, has, by (21) of Lecture I, the invariant 
(ci + l)(c 2 + 1) • • *. Thus (16) is an invariant of (7) and hence 
of F. Likewise from (19) and F itself, we obtain the invariants 

(34) J = /3i/3 2 /53, AJ — .411 (5,- H~ 1)- 
In (6) we made use geometrically of 

(35) X = u&i + U 2 X 2 + u$c 3. 

Now F + fk 2 is congruent modulo 2 to the quadratic form derived 
from F by replacing each 6* by hi + tuf- Making this replace- 
ment in A, we see that the coefficient of t is congruent to /c 2 , where 

(36) k = aiu\ + a 2 w 2 + 03 W 3 

is therefore a formal invariant* of F and X. Making the same 

* Since (36) is a contravariant of F, Xai(dC/dx{) is a covariant of F if C is. 
Taking Q 2 , Qi, L as C, we get K, M, A, respectively. 
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replacement in J and taking t and u* to be integers, we obtain 
as the coefficient of t e f 


(37) 


w = /3i/3 2 w 3 + /5i/3 3 w 2 + Afrih + fiiu 2 u z 

+ / 3 2 Wi « 3 + j 8 3 WiW 2 + W1W2W3, 


a modular invariant of F and X. By the theorem used above, 


(38) u — (wi + 1) (U 2 + 1) (W 3 + 1) 

is an invariant of X. In w + u + 1, we replace by the con- 
gruent value Bi + L and render the expression homogeneous 
in the u’s and B’s separately. We get 

(39) w = S(BiJ? 2 + Bi 2 + B<?W -f- SJ?i 2 w 2 ^3, 

a formal invariant of F, X. For, it is unaltered by the sub- 
stitution 


induced by ( XiXj ), and by the substitution (23) and (10) induced 
by (8). Let the coefficients of F be integers not all even. Then 
(39) becomes 

(39') SOSifo + 1)W* + 2(/3i + 1 )msm 3 . 

Its covariant L is identically zero. Hence, by the table in § 9, 
if o) is not identically zero it can be transformed into W 1 2 + wf 
+ uiu 2 and hence vanishes for a single set of integral values of 
tti, « 2 , These are seen to be = & + 1. Hence* the line 
L — 0 is the only line with integral line coordinates on the line 
locus (39). 

The invariant A for (39) is J (its discriminant is zero, as just 
seen). Thus a knowledge of any one of the concomitants L, «7, 
<0 implies that of the other two. 

The covariance of K in (29) implies that 


(40) £1 = 


x% 

x 2 



Xi 

Xz 

Xi 2 

Xz‘ 


Xi 

x 2 

X1 2 

xi 


* Also thus: just as the point conic F b 0 determines its line equation (36) 
and hence its apex (a), so the .covariant line conic (39) determines the point 
equation ZB^Xi m 0, which is the line L m 0 for integral values of the coef- 
ficients. 
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are contragredient with a X) a 2 , u 3 and hence with x x , x 2 , Xz, and 
therefore cogredient with u\, u%, u z . Thus (39) yields the formal 
covariant 

(410 W' = 2{B X B 2 + Bi + F 2 % 2 + VB?U 3 . 

From this or (390, we obtain the modular co variant 

(41) W = + 1)& 2 + 2(ft + \m z . 

In these notations (29) become 

(42) K = Sadi, M — "Zai^i(xi + ^ 2^3 + %z 2 )> 


Finally, by (16) of Lecture III, we have the universal co- 
variants 


(43) 


Xi 

x% 

Xz 

Xi 2 

xi 

cs 

CO 

5* 

Xi 4 

xi 

Xz 1 


Q 1 = StfiW + 2xi 4 x 2 x 3 -f xixixi, 
Qz = 2xi 4 + 2a;i 2 a; 2 2 + x x x 2 xiZx 1 . 


The covariant line is 0 of a non-degenerate conic F = 0 is 
determined by the three (collinear) diagonal points of the complete 
quadrangle having as its vertices the apex (a) and the three 
intersections of F == 0 with its covariant cubic curve K ss 0. 


Fundamental System of Covariants of the Ternary Form F, 

§§ 9-32 

9. Invariants of F . — A fundamental system of invariants of F 
is given by A, A, J. It suffices to prove that they completely 
characterize the classes of forms F under the group of all ternary 
linear transformations with integral coefficients modulo 2. 
This is evident from the following table 


Class 

A 

A 

J 

L 

x x x 2 -j- Xz 2 

1 

0 

0 

+ Xz H~ Xz 

xix 2 + xi + xi 

0 

0 

1 

0 


0 

0 

0 

Xi + Xi 

£l 2 

0 

1 

0 

Xi 

0 

0 

1 

1 

0 
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As to the classes, we saw in § 4 that, if F is not the square of a 
linear function (i. e., not reducible to X\ or 0), it can be trans- 
formed into X\Xi + biXi 2 + b 2 x 2 2 + Ax s 2 and hence into one of 
the first three classes of the table. By means of the relations 

(44) AA s= 0, AJ=0, A 2 = A, A^A, J 2 = J (mod 2), 
any polynomial in A, A, J equals a linear function of 

(45) 1, A, A, J, AJ. 

These are linearly independent since there are five classes. 

10. Leader of a Covariant of F. — Let S be the coefficient of 2 3 “ 
in a covariant of order to of F. Writing (14) in the form 

(46) F =/+&rg+&3£3 2 > /= biXi 2 -\-asXiX 2 -\~biX 2 2 , l—a 2 x\-\-axx 2) 

we see that the leader 8 is a function of 63 and the invariants of 
the pair of forms / and l under the linear group on x lt x 2 . 

In the modular co variants forming a fundamental system for / 
(§ 13 of Lecture III), we replace a* by ai and x 2 by a 2 and obtain 
a fundamental system of modular invariants of the pair / and l : 

(47) £13, 0:10:2, g=&l&2+(&l+ 62)0:3, j= (61+03)^1+ (&2+a3)«2, 
where on — ai + 1. By means of the relations 

(48) cticiij m 0, qj = j + a>aj (mod 2), 

any polynomial in the four functions (47) can be reduced to a 
linear combination of 

(49) 1, a 8 , q, a z q, 0:10:2, amaz, ona 2 q, ona 2 a 3 q } j , a 3 j. 
These form a complete set of linearly independent* invariants 

of/,*. 

* Instead of verifying as usual that these 10 functions are linearly inde- 
pendent, we may deduce that result from the fact that there are 10 classes: 

l bs xi, f — aaXiXn + oc s X2 2 or qx i s + asX\Xi -f agcf, 
l m 0 , / - xi* + X1X1 + x 2 a , X1X1, xi* or 0 . 

Since (47) characterize the classes, they form a fundamental system. 
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Hence S is a linear combination of the functions (49) and their 
products by b a . Moreover, 8 must remain unaltered modulo 2 
when a a and b\ are replaced by 

(50) a a = a 3 + ai, b\ = &i + b z + a 2 , 

which are the only altered coefficients of the form obtained from 
F by the transformation 

(51) xi = xi, x 2 = x 2 , x a ss x a + xi (mod 2). 

Both requirements are evidently met by the functions 

(52) 1, <xxx 2 , h, b 3 aia 2 
and any invariant of F. We find that 

A = aia 2 (az +1), A = ai a 2 a 3 + j + a 3 & 3 + 

(53) J = aiQ!2(a3 -j- 1)(& 3 + 1) b z j 4“ dj) 3 j d - b z q + a i<x 2 q, 
AJ = aia 2 {ciz + 1)(&3 4” 1)(# + 1). 

From these and their products by b z , we see that 

(54) AJ, b 3 J, J , bzA, b 3 A , A, A 
contain the respective terms 

bz<xiot 2 azq, bz<xia 2 q , axa 2 q, bzj, b z aia 2 az, j, aia 2 a z , 

while no one involves an earlier one of these terms. Hence any 
linear combination of the functions (49) and their products by 
b 3 is a linear combination of the functions (52), (54) and 

(55) a 3 , bza 3 , q, b 3 q, a z q, b z dzq, a z j, b S dzj, aia 2 a z q. 

A linear combination of the latter is of the form 

<r = midz + ^2 q + m z dzq + m 4 a z j + maia 2 azq, 

where wii, • • •, m 4 are linear functions of b z , while m is a constant. 
The coefficient of a z bi is seen to be 

V = m 2 + m z b 2 + midi + mb 2 ai(R + 63 + 1 ), 
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ivhere R = & 3 + a 2 is the increment to b x in (50). Set 

(56) <r=pa 3 &i+ra 3 +s&r-M (p, • ••, t independent of a%, b x ). 
Let the substitution (50) replace cr by a'. Then 

(57) <r' — <r = pRa z -f pa x bx + pa x R + ra x + sR. 
rhis is zero for every a 3 , b x if and only if 

(58) pR = 0, pa x = 0, ra x — sR (mod 2). 

Por p = m 2 + • • -, pax = 0 gives m 3 =0, m 4 = m 2 . Then 
pRssQ gives m 2 = 0, mb 3 = 0, whence m = 0. Thus <r = mia 3 , 
so that mi = 0. Hence the leader of a covariant of F has the form 

(59) I b z I x -f" caxa 2 daxa 2 bs, 
where I and lx are invariants , c and d are constants. 

Covariants Whose Leaders are Not Zero, §§ 11-19 
11. Consider a co variant of odd order co: 

(60) G — Sx t* + ^la’a"” 1 ^! + S 2 x z u ~ 2 xx 2 + • ■ 

If Sx' is derived from Si by the substitution (50), then, by (51), 

(61) Sx' = $i a>S = Sx “h S (mod 2). 

Give Sx the notation (56). Then S is given by (57) and has no 
term with the factor a 3 &i. Now a s bx enters no term of (59) 
except J and AJ of I and* b z J of b z Ix, and in these is multiplied by 

(62) b z a x + olxoi 2 , a x a 2 (b 2 + 1)(& 3 + 1), b Z (Xxa 2 , 

respectively. Since the latter are linearly independent, neither 
J nor AJ occurs in the I, h of the leader (59). Also, A and 
aio: 2 occur only in the combinations A + 1, a x a 2 + 1, since (57) 
has no constant term. The coefficients of # 3 “ in L", AIF, 
{A + A)X" are respectively 

(63) &8 + «i«2 +1, Ab 3 , A + A6 3 +&8«i«2, 


* AJ is not retained in h, since b t AJ ■ 0, AJ being (34). 
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where L is the linear covariant (19). After subtracting from C 
a linear combination of these three covariants, we may set 

8 = mi(A + 1) + to 2 A + ni^bs + mbsa x a2. 

Since fcham = 0 , A J ss 0 , the leader of the covariant JC is 

JS ~ m x AJ + m>iJ + W 3 & 3 /. 

Hence m x s m 3 = 0. The coefficient of a 8 in 5 is now 
m 2 (ai «2 + h) and must vanish for 63 ss « 2 since it is of the form 
pR by (57). Hence m2 = 0. Thus S = mha x ot%. For to > 1 , 
mFL a ~ 2 has this same leader. For to = 1 , 

0 = 7ii(bsamxs + 6ia 2 a'3.'ri + haia^), 

which satisfies (61) only when to = 0 . Hence every linear 
covariant is a linear function of L, AL, A L; every covariant of odd 
order to > 1 differs from a linear combination of L m , AlA, AZ/ 0 , 
Fi “~ 2 by a covariant whose leader is zero. 

12 . In the covariants of order 4 n 

(64) IQ 2 n , IF 2n , Iff*, F 2 ^D (I an invariant), 
the coefficients of x s 4n are respectively 

J, hi, 63 + aiajj + 1 , braids. 

Linear combinations of these give every leader (59). Hence 
every covariant of order in differs from a linear combination of the 
covariants (64) by a covariant whose leader is zero . 

13. In the covariants of order to = in + 2 

(65) IQi n F, Qi n L 2 , AQi n L 2 (I an invariant), 
the coefficients of £ 3 “ are respectively 

bzl, 63 -f" aiot 2 + 1 , A + 63 (A **{- diot-iaf), 

The sum of the third function and 63 (A + A) is A + ha i« 2 . 
Hence any covariant C is of the form P + Q ' , where P is a linear 
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combination of the covariants (65), while C is a covariant whose 
leader is an invariant. For ca = 2, 

C' — Sx 3 2 -}- SiXzXi -j- Sx I 2 -f- X%(f>. 

This is transformed by (51) into a function having S x as the 
coefficient of x x 2 . Since S is an invariant. Si = S. Thus every 
coefficient of C’ equals S. Then (51) transforms C' into a 
function in which the coefficient of xfx? is zero, so that S = 0. 
Hence every quadratic covariant is a linear function of 

(66) F, AF, AF, JF, L 2 , A L\ 

14. There remains the more difficult case of covariants (60) 
of order co = An + 2 > 2. If S/ is the function obtained from 
Si by the substitution (50), then 

(67) Si f = S h S 2 ' = S + Si + S 2 . 

Now jSi is unaltered also by the substitutions (22) and 

(68) a s' S3 as + «2> W 52 6 2 + 63 + «i (mod 2), 
induced on the coefficients of F by the transformations (8) and 

(69) xi = xf, xi = x?, xs = xf + xf, 

15. A fundamental system of invariants of F, under the group Y 
generated by the transformations (8), (51) and (69), is given by 
A, A, J, a 2> bs, a x a 2 and 

(70) /3 = 61(63 + ol?. 

It suffices to prove that these seven functions, which are 
evidently invariant under T, completely characterize the classes 
of forms F under F. There are six cases. 

(i) 63 53 a 2 = 1. Replacing x x by x x + a x x 2 and Xs by 
xs + asx 2 , we get 

F = fix? + Ax-? + x? + x x x a . 

(ii) 6 S = 1, a 2 = 0, aia 2 = 1. Replacing x s by x z + ^ 3 X 1 , 
we get 

F = Ax? + b 2 X 2 2 + x 3 2 + X 2 X 3 . 
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If A S3 0 , then 6 2 = J- If A s= 1, we replace x x by Xi + b 2 x 2 
and get 

x x 2 + x 3 2 + x 2 x 3 . 

(iii) 63 = 1 , as = flias = 0 . Replacing z 3 by z 3 + 61*1 + b 2 x 2 , 
we get 

a: 3 2 + Ax x x 2 . 


(iv) 63 = 0, a 2 = 1 . After replacing x 3 by x 3 + a 3 x 2 , we 
obtain a form with also a 3 = 0. Taking this as F, and replacing 
x x by *1 + a x x 2 , we get 

biXi 2 + Ax 2 2 + xix 3 . 

Replacing x 3 by x 3 + hxi, we get Ax 2 2 + £ia: 3 . 

(v) b 3 = a 2 = 0 , d X a 2 = 1 . Replacing x 3 by x 3 + a 3 x x + b 2 x 2 , 
we get 

(3x x 2 + x 2 x 3 . 

(vi) 63 = a 2 = a x a 2 a 0 . Then F is the binary form /in ( 46 ). 
The effective part of T is now the subgroup T x generated by (8). 
Now 


— bi , A + 1 = a 3) J = B + (61 + l)a3, B — 62(61 + a 3 ). 

These seminvariants b x , a 3 , B of f completely characterize the 
classes of forms j under IV For, if a 3 a b x , 

f ~ bix x 2 + Bx 2 2 + 6 1 ^ 2 ; 

while if a 3 a b x + lj we replace x x by x x + b 2 x 2 and get 
b x xF + ( b x + l)x x x 2 . 

16 . The number of classes of forms F in the respective cases 
(i)-(vi) is 4 , 3 , 2, 2, 6. Hence there are exactly 19 linearly 
independent invariants of F under the group V. As these we 
may take 

1 , a 2) a x a 2} A, b 3 , b 3 a 2 , b 3 a x a 2 , b 3 A, 

A — b x a x + • • *, CI2A = b x d x (t 2 - 4 " • • • , 

( 71 ) (3 = 61(63 -f- ol 2 ), a 2 j 3 = b x b 3 d 2) 
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(71) Afi— 61(63+ 1M > b s A~bibsai-\ , azbzA—bibza^-i , 

J = &16263 + • • • , a%J = bibzbzaz + • • • , 

&3J = &1&2&3(^1«2 4 " + U 2 ) + • • *, AJ = &1&2&3-4 + • • *. 

These are linearly independent since the first eight do not involve 
h, while all the terms with the factor h in the next seven are 
given explicitly, likewise all with the factor &1&2&3 in the last 
four. Hence the 19 functions (71) form a complete set of linearly 
independent invariants of F under the group I\ 

17. Hence, in § 14, 81 is a linear combination of the functions 

(71) . By (672), 8 + 81 is of the form (57) if $2 be denoted by 
(56). Now afbi occurs in J , AJ, b$J, a%J, Aj. 3, but in no further 
function (71) . In the first three, a 3 &i is multiplied by the linearly 
independent functions (62), respectively; in the last two by 
biaiaz and aiot%{bz + 1), whose sum is congruent to the first 
function (62). Hence the part of 8+81 involving J , • • •, A/3 
is a linear combination of 

(72) (63 + af)J — bibzbzaiaz + bj)za\aiaz, 

(73) J + bzJ + Afi — (bz + l)(5i&2«ia2 + b%A + A). 

But 61 occurs in just six of the functions (71) other than the 
five just considered. Thus the factor pa x of b x in (57) is a linear 
combination of the coefficients of 61 in (72), (73), /3, a$, A, a 2 A, 
bz A, a 2 6 3 A. Now a x is a factor of the coefficients of b x in all except 
the second, third and fourth, while in these the coefficients are 

(63 Hb l)&2aia2, bz + 02 + 1, afbz 

and are linearly independent. Hence (73), j8, a 2 /3 do not occur 
in 8 + Si. By (57), the latter has no constant term and hence 
involves 1, A only in the combination .4 + 1. This cannot 
occur since the total coefficient of u 8 must be of the form pR 
and hence vanish for bz = et 2 . At the same time we see that 
the sum of the constant multipliers of A, a 2 A, 63A, a 2 &sA is zero 
modulo 2. Hence 8 + $1 is a linear combination of the functions 
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a 2 , & 3 , M 2 , fli« 2 , and the last six in (74) below. Like (57), this 
combination must vanish for 01 = 0, & 3 = a 2 . Since all but the 
first three of the ten functions then vanish, the sum of the 
multipliers of these three must be zero modulo 2. Hence S + Si 
is a linear combination of 

^ &3 4" & 2 , fl 2(&3 4" 1), &3®lC^2, &3-dl, 

Aa2, A(&3 + 1), A(a2&3 + 1), (&3 + «2)«7. 

18. Without altering the invariant 8 , we may simplify Si by 
subtracting from C constant multiples of _L 4n-1 K and its product 
by A, where K is given by (29), and hence delete a 2 (& 3 + 1) 
and A(a 2 &3 + 1) from the terms (74) of Si. Then 

81 = S 4" mAa 2 + ?ttlA (&3 4“ 1) 4“ m 2 (& 3 4“ <*2 )J 

4" m 3 (& 3 4“ # 2 ) 4" midioa 4~ ^b 3 cti<x 2 4“ m&bsA. 

The coefficient T of x 3 u ~ l x 2 in C is obtained from S x by applying 
the substitution (ai« 2 ) (& 1 & 2 ) induced by (xiXz). In view of the 
transformation (8), we see that T' — T 4* Si, where T r is derived 
from T by (22). Hence 

S — (m 4~ mi)A 4- miba& 4~ m 2 & 3 / 

4- (m 4 4- m h b z )(aia 2 4“ «i + cli) 4- m 3 & 3 4“ m z b z A. 

Let 2 be the sum of the second member and the function ob- 
tained from it by the substitution (a 2 a 3 )(& 2 & 3 ). Thus 2 = 0. 
Taking b 3 = & 2 , we get 7 == m s = 0. Then 

2 = (62 4“ b 3 )I, I = m x A 4" 4* m 3 + TOe-4* 

Applying to 2 the substitution (68), we get (& 2 4“ ai)I = 0. 
Applying (aia 8 )(&i& 3 ) to the latter, we get (& 2 4- a 3 )I = 0. 
Adding, we get (01 4“ a 3 )I = 0. Applying (50), we see that 

a 3 I = 0. Then each aj — 0, so that I = gA, where g is a 

constant. By 2 = 0, g = 0. Thus mi, m 2 , m 3 , m 3 are zero. 
Hence S — mA, Si — mAa 2 . But 

(75) E = F(L 4 4- A F 2 ) 4- (A 4- A)L« = Ax 3 6 4- • • • . 
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Hence C — Q% n 1 -® ^ as ^ ea ^ er zero * Any covariant of order 
u as 4n + 2 > 2 differs from a linear combination of the co- 
variants (65) and Qi n ~ l E by a comriant whose leader is zero. 

19. Regular and Irregular Comriants ; Ranh . — A covariant 
shall be called regular or irregular according as it has not or 
has the factor X 3 , given by (43). The quotient of an irregular 
covariant by X 3 is a covariant. Hence the determination of all 
irregular co variants reduces to that of the regular covariants. 
If a covariant has a linear factor it has as a factor each of the 
seven ternary linear functions incongruent modulo 2, whose 
product is X 3 . Hence a, regular covariant has a non-vanishing 
component involving only x h x z . In a regular covariant C 
without terms xj '* (i. e., with leader zero), this component has 
the factors xi, xg and (by the covariant property) also xi + xg. 
The product of these three linear factors was denoted by £2 
in (40). Let £ 2 m be the highest power of £ 2 which is a factor of 
the component and let n be the degree of the quotient in the a^s. 
Then C may be given the notation 


£f& n + 


XlXiXgff), 


where, if n = 0, ft. is a function of the o’s and b’s not identically 
zero, while, if n > 0 , / 2 is a function also of x h Xg in which the 
coefficients of xi n and a: 3 n are not zero;/! is a function of x it x 3 ; 
fg of X\, Xi. 

The regular co variant (76) shall be said to be of rank m. In 
an irregular covariant the component free of x% is zero and hence 
is divisible by an arbitrary power of it is proper and convenient 
to say that an irregular covariant is of infinite rank. 

Any co variant of rank zero differs from one of rank greater than 
zero by a polynomial in the known covariants 

(77) A, A, J, F , L, Q 2 , 

This is a consequence of the theorems in §§ 11-18, where the 
polynomial is given explicitly. Any product, of order co in the 
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x’s, of powers of the covariants (77) can be reduced by means of 
the syzygies 

XX = 0, AD = AF, (A + A + J+D(.FL-hK) = 0, 

(78) AK=0 , XX 2 + (A + A)D + AF 2 + AQ t = LK, 

F 3 -j- Qz F = DK -f- (A -f- J)K 2 -j~ (A -h 1)LG + (A -f- l)Qi, 

to a sum of covariants of order cc given in §§ 11-18 and a linear 
function, with covariant coefficients, of K, Qi and 

G — QzL + X 5 = S^2[ft(/?l + 1)^3 2 + 0 103 + l)x 3 Xi 

(79) + + l)^i 2 ] + xiX2X S [((3i -f- /?2 + fiz + 1) 

X (^1^2 + Xl%3 + X 2 X 3 ) + 2(/3; + V)X^\. 

Here G and K, given by (42), are of rank 1, while Qi~ £ 2 2 +£ 2 ( ) 
is of rank 2. As this theorem is not presupposed in what follows, 
its proof is omitted. However, it led naturally to the important 
relations (75) and (79) and showed that no new combinations 
of the covariants (77) of rank zero yield covariants of rank > 0, 
a fact used as a guide in the investigation of the latter co variants. 

Regular Covariants R m0 , §§ 20-22 
20. A separate treatment is necessary for covariants (76) 
with n = 0. Then each /»• is a function of the coefficients ay, bj. 
Since the factor £ 3 W of the part/ 3 £ 3 m of i4o free of ar 3 is unaltered 
by every linear transformation on *1 and Xi, / 3 is a linear com- 
bination of the functions (49) and their products by b z . Also, 
/ 3 must be unaltered by 

(80) X\ — X\ -f- £3': ai' = Ui ~j~ a 3 , b 3 =* 6 3 -f* 61 d - a 2 . 

Both conditions are evidently satisfied by the ternary invariants 
and by a 3 and q, in (47). In view of (53), we may employ 

AX, J, azA, A, a z J, qA, A 
to replace in turn 

bzOL\<x.za z q, bzctiazaz, a z j, j, a 3 6 3 g, aia%a z q, aia 2 a 3 , 
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since a term previously replaced is not introduced later. Thus 
f a is a linear combination of these seven functions, a 3 , q, a 3 q, and 

Q!i« 2 , d\a%q, b 3 , b 3 a 3 , b 3 q, b 3 a\a 2 , bzona^q, b 3 j, b 3 a 3 j. 

Give to any linear function miaia 2 + • ■ * of these the notation 

( t — aaibs -f- (3a% -f- yb 3 8. 

Call e the increment &i + a 2 to b 3 in (80) and employ e to eliminate 
bi. Then <r is unaltered by (80) if and only if 

ae s 0 , aa 3 = 0 , 1 8a 3 ss ye (mod 2 ). 

Since b 3 does not occur in q or j, nor ai in q, we have 

a — m&a 2 + m%o^q + m 3 (e + «2 + ^ 3 ) + m$a 3 {e + a 2 -f* <z 3 ). 

Thus ae ss 0 gives m 6 = m 7 = 0, m 8 = m 9 . Then aa 3 = 0 
gives mg = 0. Now 

/? = mia 2 + m 2 a 2 q, y ~ m 3 + m 4 a 3 + w 6 g, 

and j 8a 3 = 70 readily gives <r a 0. Any function of b 3 and the 
invariants ( 49 ) of f and l, which is unaltered by (80), is a linear 
combination of the ternary invariants (45) and a 3 , q, a 3 q, a 3 A, 
a 3 J, qA. 

21. For n= 0 and m even, there exists a covariant (76) in 
which f 3 is any function specified in the preceding theorem. 
For, if I is any ternary invariant, IQi mI2 has f 3 = I. By (42) 
and (41), K m and W mJ2 are of the form (76) with f 3 = a 3 and 
P 1 P 2 + 1 , respectively; they may be multiplied by any invariant. 
By (19) and (47), we have 

(81) /3ijd2 Hh 1 — g “H + A + 1, a 3 q = asA + qA + a 3 J . 

Hence we obtain q, then qA, qA, and therefore a 3 q. Any co- 
variant with n = 0, m even, differs by an irregular covariant from a 
linear function of 

IQ?!*, hK m , (1= 1, A, A, J, AJ ; Ji= 1, A, J; / 2 = 1, A, A). 
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22 . For n = 0 and m odd, we may delete the terms a z Ii from 
/ 8 by use of hK n , First, let to = 1 and apply transformation 
(51); we get 

£i = Ft' *F Zs, & = y, £s — %d!, 

^ ^ R' — + Cfi “F/s)^ 4 * {x\x%x z + xi^xz ')(f}. 

Thus (f> = 0. Since / 3 = I + hq, condition /i + /a ~ /s' gives 

I = h(aibi + 0:262 4 " 0:363 4 * a 2 <x 3 + aia 2 ). 

Add to this the relation obtained by permuting the subscripts 
1 , 2 . Thus 

0 = h(bi + 62 + fl2«3 4 * ciia z ). 

The increment under ( 22 ) is I 2 (6i + a 3 + a 2 af) — 0. Now I 2 
is of the form x + yA + zA, where x , y, z are constants. From 
the terms in 6162 , we get y = 0. Then x « z = 0. The only 
covariants are therefore I\K. 

Second, let m > 1. Then KW (m ~ 1} / 2 is of the form (76) with 
/a = a & q + a 8 , by (81 1 ). Hence we may set 

/a = I + cq + dqA (c, d constants). 

In R given by (76), let g denote the coefficient of 

(83) xix&z • X’Txz^-K 

In the function derived from R by the transformation (51), the 
term corresponding to (83) has the coefficient g + fi, since by 
(82) the & parts contribute only one such term, that from 
Now 

fi — I 4 " cq f “F dq'A, q' = 6263 + (62 4 * 63)0:1. 

When g is given the notation (56), g' ~ g ~ fi is the function 
(57). But a s 6 i occurs in fi only in J and AJ and in them with 
the linearly independent multipliers (62). Hence 

I — (A ~F 1) Hh W 2 A. 

The coefficient of a z in /1 is now 

niaicii + n 2 (aia 2 + 6 8 ) + dq'cnoi 2 = p(6 8 + a 2 ). 
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Taking 63 ss a%, we see that n\ = 712 = d = 0. Thus fi = eg'. 
By (57) for ai s 0, 63 = a 2 , we get c = 0. Any covariarvt with 
n = 0 and to odd differs by an irregular covariant from a linear 
function of K m , A K m , JK m and, if to > 1, KW (m ~ 1)/2 . 

Covariants of Rank Unity, §§ 23-26 
23. Henceforth let m > 0, n > 0 in (76) and set 

(84) fit — Sx s M + Six^xx + & 2 £ 3 n ~W + • • • (S = 4 = 0 ). 

Since S is unaltered by the group T of § 15, it is a linear com- 
bination of the functions (71). We may omit the functions 
a 2(63 + 1) and Aa 2 (&3 + 1), since K m L n is of the form (76) with 
8 = a 2 ( 6 3 + 1). Thus 

(85) S = I 4~ anil 4~ 6 8 I 2 4" kiaian, + kifcz&iCL^kzfiA'kiazfiA ' , 

where I is any invariant, Ji a linear function of 1, A, J\ / 2 one of 
1 , A, A, J ;• while /? = 61(63 + a 2 ) . 

First, let to = 1. If T and B are the coefficients of ar 2 w in / 3 
and fi, transformation (51) replaces the covariant (76) by a 
function in which, by (82), the coefficient of xi'x 2 /n+2 is 

(86) T+B=T', 

where T' is derived from T by the induced substitution (50). 
But T is obtained from S by the interchange [23] of subscripts, 
and B from T by [13]. We thus find by ( 86 ) that 

I = 6 2 I 2 + (Jki 4 * /c 2 6 2 ) («i + a 8 ai) 

+ kz{af>i 4* ©2621 4" as&a 4~ tti0 2 4“ Qiot-z) 

4“ kibz(aibx 4" a sbz 4" a i a % 4" ^ 2 ^ 3 )* 

Let 2 be the sum of the second member and the function obtained 
by applying (a 2 a 3 ) ( 6 2 6 3 ) to it. In 2 = 0, set 6 2 = 63 ; we get 

{k\ 4 ~ 4” 63(^2 4~ ^ 4 )} ( fl 2 4“ ®s)o!i — 0 , kz= k \ , ki = kt. 

Then 2 = 0 may be written in the form 

( 6 2 + 6 8 )X = 0, X = J 2 4" kz(A 4- A 4- !)• 
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As in § 18, A — 0. Thus Z 2 and I are the products of A + A + X 
by h, hi, so that 

S~(ki + hh 3 )(A + A + 1) + a 2 Ii + h(bih + &i<*2 + aioa) 

+ hj)z{a<ibi + aid?) + hA(bibz + &i). 

For n odd, S is the increment to Si under (50) and hence has 
no term containing azbi. If t is the coefficient of J in I\, afbi 
occurs in (87) only in ta 2 J and in the final part, being multiplied 
by tazdibz and haia 2 (bz + 1), respectively. Hence t = fa = 0. 
Since S is of the form (57), the coefficient of h must vanish if 
ai ss 0. Thus 

hi(bz + # 2 ) "1" k 2 bzd 2 — 0, hi = &2 = 0. 

Now S = aJi = a 2 (u + vA) must vanish for ai =0, 63 = «2 
by (57); then A — ct2 (^2 -b #3)* so that u = v — 0, S == 0. Any 
covariant with m = 1 and n odd differs from one of rank > 1 by 
a linear function of KL n , A KL n . 

24. For m = 1, n = 4v, we may delete a 2 h from (85) by use 

of hKQ 2 v . Set fi = Bx 2 n + b Then (51) replaces 

(76) by 

R' = £ 2 [&c 8 n + Sixz^xi + (Si + Si)xz n ~ 2 xi* +•■•] + £3/3 

+ (£1 *b £s)[Bn(z3 n ~b Xz 11 4 &i 4 "b * * *) 

+ Bvr--lXi(Xz n ~ l + Xz n ~ 2 Xi + •••)]+ (»i^2»8 + Xi 2 Xi)(j>'. 

Since Si is the increment of S 2 , it is a linear combination of the 
functions (74). By use of L n ~ 3 Qi, L n ~ 3 K 2 and their products by 
A and A, we may, without disturbing S, delete from Si 

&3+<w*2+lj Abz, A+&3A+&aai« 2 , ^2(63+1); a 2 A(6a+l). 

Hence we may set 

Si = ti(bz -b ct 2 ) + hbzciia 2 -b ^<22 ~b U(bz + 0*2) J - 

Applying (aiaf) (bib 2 ) to S and Si, we obtain B n and Bn— 1. 
Let l be the coefficient of x^xz** 1 in <t>. By the coefficient of 
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X1X2X3 • ar 2 ^3 n “ 1 in R', we have 

B n + Bn~l + 1 — l'- 

For l given by ( 56 ), B n + B n -i is given by ( 57 ). By the coef- 
ficient of a z bi, we get U ss 0 . The coefficient of o 3 must vanish 
for bz = 02- Hence 

h\Oii + (fa + h)0t\(l2 + h<XlOl2b2 = 0 , fa = fa = 0 , t Z = fa, 

S = fabz(A H“ A + 1 -f“ axQ!2 + 02&l). 

The coefficient of fa equals that of ^x z n in 

GFQ 2 v ~ 1 + A KL n + AKQ 2 v . 

Any covariant with m = 1 , n = 4 p, differs from one with m ^ 2 
by a linear function of KL n , AKL n , IKQz', GFQ 2 V ~ 1 (I ~ 1 , A, J). 

25 . For m = 1 , n = 4 v + 2, we may delete a 2 Ii from S', 
given by ( 87 ), by use of hQz v M, The coefficient of ^x z n in 
Q/G is 

d = / 3 s (/ 3 i + 1 ) = A + (61 + l)(aia 2 + 63) + b z a 2 az. 

The coefficient of hi in S equals d + a 2 A + 02(63 + 1 ), the final 
term of which was reached in § 23 , and a 2 A above. The coef- 
ficients of fa and fa in S equal Ad and 

fabz («i+ 02 ) + bz (a 2 6 2 + 0i0s+ 0203+ 02) = Ad+ 02 (« 7 + 1 ) + 02 (63+ 1 )> 

respectively. Any covariant with m = 1, n = 4 ^ + 2, differs 
from one with m ^ 2 by a linear function of KL n , A KL n , IQ 2 v G } 
IiQfM (I = 1 , A, A; h = 1 , A, J). 

For use in § 26 , we replace Q 2 V M by Q2 V FK, noting that 

(88) M=(F + V)K 

and that Q V L 2 K differs from KL n by a covariant of rank 2. 

26 . By the last four theorems, any covariant of rank 1 differs 
from one of rank ^ 2 by CK + DG, where C and D are known 
covariants of rank zero. Taking as Ci and Di arbitrary func- 
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tions of the proper degree in the x’s, of the generators (77) of 
co variants of rank zero, I found the syzygies needed to reduce 
CiK-{- D\G to an expression differing from the above CK + DG 
by a covariant of rank ^ 2, in which those of rank 2 are linear 
combinations of K 2 , KG, G 2 , W, Q i and the new one 

V = GF 2 + A Q 2 G + (A + J + 1 )Q 2 FK 

( Ze + AL3R1 + + ' ' ' . 

(90) v = a?, -j- 63(1 + ciiotn). 

The only new syzygies needed for this reduction are 

LQb Q,L 2 +L 6 = W, FLK = KW + AQi + (J + 1)K 2 , 

(91) (F 2 +L i +Q 2 )K^ <4+l)Lz, 

(A -f 1 )(FG + KL* + KQ,) + JKQ* = ALQ 1 + c »L S , 

in which <0 is an invariant not computed. Proof need not be 
given of these facts since we presuppose below merely the ex- 
istence of relation (89) which may be verified independently. 
Of course, the fact that V is the only new covariant of rank 2 
was a guide in the later investigation. 

Covaeiants of Even Rank m - 2fx > 0, §§ 27-29 

27. First, let n be odd. In the covariant (76) replace x 3 by 
x 3 + »i. In view of (82), we get 

R' = fib 1 * + + /i'(£i 2 + %*Y + (xix 2 x 3 + Xi 2 x 2 )<f>'. 

Using the notation (84) for / 2 , we have Si - Si + £ in /</. 
Thus, as in § 17, S is a linear combination of the functions (74). 
Now QYL n and its products by A and A + A are covariants (76) 
with S given by (63). Using also K m L n , in which S = a 2 (& 3 + 1), 
and its product by A, we may set 

S = ki(b 3 + <22) + k 2 b 3 aia 2 + k 3 + & 4 (& 3 -f a 2 )J. 

In xix&z <f>, let g be the coefficient of 

X1X2X3 • a 2 2 M ~ 1 a 3 4M+ "“ 2 = {x^X^YXz^Xi. 
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Such a term occurs in neither of the first two parts of R', since 
they are functions of only two variables. To obtain such a 
term from the third part of R', we must omit terms with the 
factor £ 3 2 (and hence xi 2 ) and take (a^ 2 ) 2 * in fc 2 '*, so as not to 
make the degree in x 2 too high. Hence if T be the coefficient of 
xz n in /i, g' = g + T. Now ( aia 2 )(bib 2 ) replaces S by T. The 
resulting T must be of the form (57). By the coefficient of 
azbi, — 0; cf. (72). By the coefficient kza.\bz of a 3 , Jc 3 = 0. 
Since T h= 0 for ci\ = 0, 63 = a 2 , we get hi s= /c 2 . Hence /S' = hiv, 
where -u is given by (90). 

For n = 1 , f 2 — Sx 3 + SiXi. Thus Si = hiv', where v' is 
derived from v by interchanging the subscripts 1 and 3. Then 
Si ' s Si + S gives hi = 0 . 

For n 3, Qi M “H>~ 3 F is of the form (76) with S = v, since 

Pzv = 0. 

Any covariant with n odd, m— 2y> 0, differs from one of ranh 
> m by a linear combination of IQ,ff-L n (I = 1, A, A), K m L n , 
AK m L n and, if n> l, 

28. For m =* 2jx > 0, n = 4v > 0 , the coefficients of %% m x 3 n in 
QfQf, K m Qff, QffF 2v , QffL n , K m L n , 
Qi^Qff-W, K m ~ 2 qr l Q 2 

are respectively 

F b 3 , fiz + 1, a 2 (6 3 “h 1)> d = fi 3 (fiz + l)j &%d. 

These may be multiplied by any invariant. Now 

fiz -f* 1 "f* ®2 ”k 63 ^ Ct>lCt 2 , 

A(j3z "k 1) H“ (A Hh A -f - 1)&3 4“ b 3 a 2 -j~ A = 63^10:2, 

d + A -f- fiz + a 2 (A 4“ 63) — 61(63 4* ^2) = fi, 

a 2 d + a 2 bz = a 2 bib 3 = a$, Ad ~ Abi(b 3 + 1) = A@. 

Hence we have a covariant (76) in which the coefficient of % 2 m x s n 
is any linear combination of the functions (71). Hence the 
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covariant differs from one of rank > m by a linear function of the 
covariants (92), the products of the first three hy any invariant 
except 1, the products of the fourth and fifth hy A and the product of 
the sixth by A. 

29. Tor m — 2p > 0, n = 4v + 2, the coefficients of ^ m Xz n in 

(93) MK^Qf, K m L n , GK m ~ 1 Q 2 v , F n,2 Q A L n QS 
are respectively 

a 2 , «2(&3 + 1 )> aj)z(bi 4 “ 1), hz, bz + otioa + 1 * 

Linear combinations of products of these by invariants give* 

a 2 , a>2 A, a 2 J , a^fz) Aa 2 bz} afj-ibz, Ibz> aioc 2) A 4 " bza\<x 2 . 

Since S and Si are unaltered by the group T of § 15, they are 
linear combinations of the functions (71). Deleting the above 
functions a 2 , a 2 A, • • • from S, we have 

S = I + c /3 + eAfi, /3 == 6i(& 3 + 0:2), 

where c and e are constants, and I is an invariant. Set 

fl = Bx 2 n + BxX 2 n ~ l Xz + • • * + i?n- 1 ^ 2 ^ 3 rt_1 4 ~ B n Xz n , 

and call a the coefficient of 

(94) xix 2 xz • £2 4M+n-z £ 3 2M ~ 1 = (a:2 2 ^3) 2 ' i ^2 n_1 ^i 

in xix 2 xz<f>. The coefficientf of (94) in R' of § 27 is B\ + <r. 
Hence 

a' — o’ = B h 

if (50) replaces cr by or'. Thus B\ must be of the form (57). 

For n — 2, S 2 is derived from S by applying (aia 3 ) (6163). 
Then (67 2 ) gives Si. Applying (aia 2 )(&i& 2 ) to S h we get 

Bi — I H - c(b 2 bz “f* b 2 oii * 4 “ bzOii) 4 “ eA(b 2 bz 4“ 62 4 “ bf). 

* For the last two, use the first two of the four equations in § 28. 
t The first part of R’ is free of x 2) the second of x S) while in the third part 
£#* has the factor xj, and in/x'£i 2 M there is a single term (94) and it has the 
coefficient Bi. 
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Since this must be of the form (57), we get / = 0, c = e = 0. 

A covariant with m = 2p, n — 2, differs from one of rank > m by a 

linear function of 

iMK m ~\ K m L\ A K m L\ GK m ~\ IFQS, HQS, A 

(i = 1, A, J; I = 1, A, A, J). 

For n > 2, we may delete A from the part I of £ by use of 

EQi li Q‘T~ 1 , where E is given by (75). Without disturbing S we 
may delete a 2 (& 8 + 1) and its product by A from /Si by use of 
K 2l * +1 L n ~‘ s , since the term of t-^fz with the coefficient Si is 
the term of highest degree in xz in £ 2 2M+1 (/Si:r 3 n-3 + • • •)• 
Since 8 + Si is a linear combination of the functions (74), 

/Si = /S + t\(bz *b $ 2 ) Hb tzaiocz ~b tzbzaiat.% ~b tA>zA -b t^Aa* 

(95) 

~b tA(bz "b 1 ) ~b toQ)3 + af)J . 
Apply (aia 2 <x 3 ) (&i& 2 & 8 ) to Bi, of the form (57). Hence 

(96) /Si = pp&i ~b pazbz ~b 'pazp *b raz *b ep, p — 61 ~b a 3 > 

Now afbz occurs in S only in the terms J, AJ of I and in the part 
of (95) after 8 only in the last term, given by (72). In these the 
factors of affz are linearly independent. Hence U = 0, 
I — x(A + 1). The coefficient of ai in Si must vanish for 
hi = a 3 , and 8% itself if also a 2 = 0. Hence 

C = tz ” Xy ti ““ tz mmm ti tf tz ’ X T | tf 

81 = x(A + 1 + & 1&3 ~b b ia 2 + aia 2 + Aa 2 ) + eAbffbz + 1) 

■b t(bz + “b bzaioiz + bzA -b bzA + a^A). 

Call e the coefficient in xi XzXzd> of 

XiXzXz • iC 2 2 M £K 8 4M+n_8 = {x£xz*yxixzxz n ~ 2 . 

In R' of § 27, the coefficient of this product is e + Bn-i- Hence 
Bn-i is of the form (57). Interchanging the subscripts 1 and 2 
in J? n _i, we get S\. Thus the coefficient of a 3 in 81 vanishes for 
bz = a\. Hence 8 — Si — 0. Any covariant with n > 2 differs 
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from one of rank > m by a linear combination of 
iMK^Q 2 V , jK m L n , QE**Qf, IF»i*Q f, jL n Q x \ EQfQf-* 
(* - 1, A, J; j = 1, A; I = 1, A, A, J). 

Covariants of Odd Rank m = 2/j + 1 > 1, §§ 30-31 

30. Replacing .t 3 by a 3 + £i in the co variant (76), we get 

R' = /tV + f&%s m + + £ 3 ) w + 

In XxXiXsfi, let g be the coefficient of {x\xf) {x‘?xf) rnr ~ 1 x< 2 n . The 
coefficient of the corresponding term of R' is g' ss g -f B, where 
B is that of xff in fi. Hence B is of the form (57). 

First, let n be odd. Then Sf - Si + S under (50), so that 
S is a linear combination of functions (74) with a 2 (& 3 +1) and 
its product by A deleted (§23). Thus £ is the sum of the terms 
(95) after the first. Applying (aia 2 a 3 ) (&i& 2 & 3 ) to B, of the form 
(57), we see that S is of the form (96). By these two results, 

S = tf(6 3 -f* a 2 *-{- bzCL\cx.i + baA -f- 63 A -f* a 2 A). 

If l is the coefficient of (.T 2 £ 3 2 ) w z 3 n ~ 1 .'Ci in x^x^, that in R' is 
l' = l + nB n . Hence, for n odd, B n is of the form (57). Inter- 
changing the subscripts 1, 2 in B n , we get S. Thus the coefficient 
of a 8 in S vanishes for 63 = a l} so that t m 0. Any covariant with 
m and n odd differs from one of rank > m by a linear function of 
K m L n and A K m L n . 

31. Finally, let m be odd and n even. According as n = Ai> 
or 4- 2, K m Qf or K m ~ l MQi v is of the form (76) with a 2 as 
the coefficient of £ 2 M 3 3 n . Hence we may delete the terms a 2 Ij 
in (85) and hence the terms arfi in B of § 23. But (§ 30), B is 
of the form (57). Now a 3 61 occurs in J and AJ of I and in 
b 2 J of hh, having in these linearly independent multipliers. 
Hence 

I = x(A + 1) + yA, I 2 = e + fA + gA. 

Since the coefficient of a 3 in B shall vanish for & 3 = a 2 , and B 
itself if also ai = 0, we get hi — x ~ y — lc z , & 2 ~ f — g = e. 
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Thus 

S = x (A + 1 + A + aiOLi + & 1&3 + bia 2 ) + faa 2 bib 3 
(97) 

+ g(A + 1 + A + «ia 2 )& 3 + faAbi(ba + 1). 
First, let n — iv + 2 and write 2/x + 1 for m. Then 
GQ^QS, K^GQi^QS 

have d - /5 3 (/3i + 1) and a 2 d as the coefficients of fa n xa n . As 
in § 25, the coefficients of x, fa, g, fa in (97) equal respectively 

d + 02 ( A + £>3 + 1), «2 d + a 2 & 3 , Ad + «2 d -f- a 2 J, Ad. 

The terms not containing d are combinations of the above a 2 h 
and a 2 (& 3 +1) of § 23. Any covariant with m = 2/x + 1 > 1, 
fi = 4:V "f" 2, differs from one of rank > m by a linear function of 

iK m L n , hK n -mQ* v , IGQSQS, KWQf-iQs 

(i = 1, A;Ii- 1,A ,J;I = 1, A, A). 

Next, let n = iv > 0. In the last two covariants of the 
theorem below, the coefficients of § 2 2 '* + V' are a 2 6 3 (6 1 -f l) and 
8 = 6 3 j0 3 (i8i +1). We had reached covariants in which the 
corresponding coefficients are a 2 I and <z 2 (& 3 + 1)1. Thus we 
obtain the coefficient of fa in (97) and 5 + Aa 2 6 3 + a 2 &i& 3 , which 
equals the coefficient of g. We may therefore set fa = g = 0. 
Subtracting covariants of the fourth and fifth types in the 
theorem, we may take as Si the function in § 24, without dis- 
turbing S. Applying to S and S h we get B n and 

B n -i. If l is the coefficient of xix 2 m+1 xf m+n ~ 2 in Xix 2 Xz(f), its 
coefficient in R' of § 30 is V = l + B n + Bn- 1 . Thus B n + Bn- 1 
is of the form (57). By the coefficient of a 3 &i, #4=0. Since the 
coefficient of a 3 is zero for & 3 = a 2 , we get x = fa = t z = 0. 
Thus S= 0. Any covariant with m = 2/x + 1 > 1, n — 4v > 0, 
differs from one of rank > m by a linear function of 

K m L n , AM”, IK m Q 2 v , iL n ~ s QS +1 , iL"*F«*, G*KQ 2 v ~ l Qi f ‘~ 1 , 

FGQ^QS (i = 1, A, A; J = 1, A, J). 
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32. We have now completed the proof of the theorem: 

As a fundamental system of modular covariants of the ternary 
quadratic form F with integral coefficients modulo 2, we may take 
F, its invariants A, A, J, its linear covariant L, its c< polar” cubic 
covariant K, and the universal covariants Qi, $2, £3. 

Incidentally, we have obtained a complete set of linearly 
independent covariants of each order and rank. We might then 
find a complete set of independent syzygies. Syzygies whose 
members are covariants of low rank are given in (78), (88), (91). 

33. References on Modular Geometry . — Other aspects of the 
modular geometry of quadratic forms modulo 2 and, in particular, 
applications to theta functions have been considered by Coble.* 
For a treatment of non-homogeneous quadratic forms in x, y 
modulo p (p an odd prime), analogous to that of conics in 
elementary analytic geometry, but employing only real points on 
the modular locus, see G. Arnoux, Essai de G6ometrie analytique 
modulaire, Paris, 1911. The earlier paper by Veblen and Bussey 
was cited in § 7. The paper by Mitchell was cited in § 3. Appli- 
cations of modular geometries have been made by Conwell.t 

The problem of coloring a map has been treated from the 
standpoint of modular geometry by Veblen. £ 

* Transactions of the American Mathematical Society, vol. 14 (1913), pp. 
241-276. 

t Annals of Mathematics, ser. 2, vol. 11 (1910), pp. 60-76. 

t Annals of Mathematics, ser. 2, vol. 14 (1912), pp. 86-94. 


LECTURE V 


A THEORY OF PLANE CUBIC CURVES WITH A REAL INFLEXION 
POINT VALID IN ORDINARY AND IN MODULAR GEOMETRY 

1. Normal Form of Cubic. — Consider a ternary cubic form 
C{x, y, z ) with coefficients in a field F not having modulus 2 or 3. 
After applying a linear transformation with coefficients in F 
and of determinant unity, we may assume that (1, 0, 0) is an 
inflexion point. In particular, C lacks the term a: 3 . If it lacks 
also x 2 y and x% its first partial derivatives vanish for y = z = 0. 
But we shall assume that the discriminant of C is not zero. Hence 
the coefficient of a; 2 may be taken as the new variable y. At the 
inflexion point (1, 0, 0) the tangent y — 0 is to be an inflexion 
tangent, i. e., meet the cubic in a single point. Hence C lacks 
the term xz 2 . Thus 

C — x 2 y + 2 x(ay 2 + j Syz) + <h(y, 2 ). 

Replacing x by x — ay — #s, we see that x 2 y is now the only term 
involving x. If y were a factor, the discriminant would be zero. 
Hence the term z z occurs. Adding a suitable multiple of y to 2 , 
we get 

(1) C = x 2 y + gy z + hy 2 z + 52 s (5 =f= 0). 

2. The Invariants s and t. — The Hessian of (1) is 

II = — 35a 'h — h 2 y z + 95 gy 2 z + 35 hyz 2 . 

The sides of an inflexion triangle form a degenerate cubic be- 
longing to the pencil of cubics hC + H. The latter has the 
factor z only when k ~ h = 0 and the factor y — Iz only when 
kl = 35 (as shown by the terms in a 2 ), where k is a root of 

¥ + 185M: 2 + 10 S8 2 gk - 278 2 h 2 = 0. 

Before considering the factors involving x } we note that the 
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coefficients of this quartic equation are the values which relative 
invariants of a general cubic assume for the case of our cubic (1). 
Indeed, a linear transformation of determinant unity which 
replaces £ by a cubic C' must replace II by the Hessian II' of C', 
and hence replace the inflexion triangle of 0 given by a root h 
of the quartic by that inflexion triangle of C' which is given by 
the same number 1c. We denote the invariants by* 

(2) s = — 3 hh, t = — 1085 2 <y. 

The above quartic now becomes 

( 3 ) Jc 4, — 6 sk 2 — tic — 3s 2 = 0. 

The discriminant A of G is such that 

( 4 ) 27 A = 7 2 - W. 

There are four distinct roots of (3) since its discriminant is 
- 27 3 A 2 . 

Our earlier results are that IcC + II has the factor z only 
when k ~ a ~ 0 and the factor y — 35/rt if h is a root 4= 0 of 
(3). It has the factor x — ry — pz if and only if 

3 p 2 = k, 9 5 2 /cr 2 = s 2 + 1kfl2, 7cp 2 — 65 pr = s, 

65 kpT — 95 2 r 2 — sk — 7/4 = 0. 

These conditions are satisfied if and only if 1c is a root of (3) and 

p = 1c — 0, 365 2 r 2 = — t (1c = 0), 

3 p 2 = 1c, 65/fr = p(F — 3$) ( Jc =|= 0). 

3. The Four Inflexion Triangles. — First, let s = 0. Then 
t =p o by (4). The root 1c — 0 gives the inflexion triangle with 
the sides 

(5) z — 0, x — ny (365 2 ri 2 = — t). 

* We have s = — 3 4 £, t = — 3 •2 1 , where S and T, given in Salmon’s Higher 
Plane Curves, p. 189, are the invariants of the general cubic with multinomial 
coefficients. 
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Each root of ¥ = t gives an inflexion triangle 

(6) y — ^jrz, + (3-365 2 r 2 2 = t). 

Next, let s =f= 0. Each root of (3) gives an inflexion triangle 

35 Ikf , 7c 2 - 3 s \ 

( 7) »-i*. x = ± ^\ z +~^ry)- 

4. The Parameter 5. — If we multiply x, y, z by p, p“ 2 , p, we 
obtain from (1) a cubic with 5 replaced by 5 p 3 . If F is the field 
of all complex numbers, the field of all real numbers, or the finite 
field of the residues of integers modulo 3 j + 2, a prime, every 
element is the cube of an element of the field [in the third case, 
e === (e” J ) 3 ], so that the parameter 5 may be taken to be unity. 
Although we do not use the fact below, it is in place to state here 
that for all further fields a new invariant is needed to distinguish 
the classes of cubics (1). Indeed, two cubics (1), with coef- 
ficients in F and with the same invariants s and t and discrim- 
inants not zero, are equivalent under a linear transformation 
with coefficients in F and having determinant unity if and only 
if the ratio of their 5’s is the cube of an element of F. 

Criteria for 9, 3 or 1 Real Inflexion Points, §§ 5-9 

5. Inflexion Points when s = 0. — Let a: be a fixed root of ¥ — t. 
Let T\ and T 2 be fixed roots of the equations at the end of (5) 
and (6). Then 

(jlj'T'lf' = : — 3 = (1 + 2co) 2 , W 2 + <0 + 1 = 0. 

Choose co so that n/r % — 1 + 2co. Denote the lines 2 = 0, 
x = riy, x = — ny in (5) by L h Z 2 , L z . For each value of 
i = 0, 1, 2, denote the three lines (6) with h = /cco 1 ' by Lu, La, 
Lzi, that with the lower sign being La. Then the 9 inflexion 
points and the subscripts of the 4 inflexion lines through each 
are given in the following table: 
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(1, 0, 0) 

(r 2 , 1, 0) 

(— T2, 1, 0) 

(->. v) 

S') 

1 

1 

1 

2 

3 

10 

20 

30 

1 i 

li 

11 

21 

31 

2,i — 1 

2, i — 2 

12 

22 

32 

3, i — 2 

3, i - 1 


In the last two columns, i has the values 0, 1, 2; whiled — 1 or 

2 — 2 is to be replaced by the number 0, 1, 2 to which it is con- 
gruent modulo 3. 

When F is the field of all real numbers, k may be taken to be 
real, while just one of the numbers n and r 2 is real. Hence 

3 and only 3 of the 9 inflexion points are real. The same result 
is true if F is the field of the p residues of integers modulo p, 
where p is a prime 3 j + 2 > 2. For, k may be taken to be 
integral (§ 4), while co is imaginary and hence — 3 is a quadratic 
non-residue of p. If — t is a quadratic residue, n is real and r 2 
imaginary. If - 2 is a non-residue, the reverse is true. 

Next, let p = 3j + 1, so that « is real and hence — 3 a quad- 
ratic residue. By (5) and (6), n and r 2 are both real or both 
imaginary according as — * is a quadratic residue or non-residue 
of p. Hence all 9 inflexion points are real if and only if — t is 
both a square and a cube and hence a 6th power modulo p. If 
— t is a square but not a cube, only the first 3 inflexion points 
are real. If — tia a quadratic non-residue, (1, 0, 0) is the only 
real inflexion point. 

A cubic with integral coefficients taken modulo p, a prime > 3, 
with at least one real inflexion point and with invariant s ~ 0 
and invariant t 4 = 0, has 9 real inflexion points if p = Zj + 1 
and — t is a sixth power modulo p, a single real inflexion point if 
p = 3 j -f- 1 and — t is a quadratic non-residue of p, and exactly 
3 real inflexion points in all of the remaining cases. 

For example, if p — 7 and 8 — 0, t 4= 0, there are 9 real in- 
flexion points only when t m — 1. Taking 5=3, n = — 2, 
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Ta s + 1, k = — 1, we get to = 2. Thus a : 2 y — y 3 + 32 s a 0 
has the 9 inflexion points (1, 0, 0), (1, 1, 0), (— 1, 1, 0), 
(-2, 1, 3 • 20, (2, 1, 3 • 20 (i = 0, 1, 2). 


6. Inflexion Points when s =(= 0, A 4= 0. — These are (1, 0, 0) 
and 

s - Jc 2 35 


(9) 


( 


±2 kj-k' h* 


o- 


where h ranges over the roots of th e qua rtic (3). We seek the 
number of real roots h for which -V — A; is real. In order that 
the left member of (3) shall have the factors 

(10) /c 2 + wh + l, h 2 — wlc + to, 
it is necessary and sufficient that 

(11) l m — w 2 = —6s, (l — m)w — t, Im = — 3s 2 . 

Let t 4= 0 (for t = 0 see § 9). Then w 4= 0 and 

(12) 21 — w 2 — 6.? + t/io, 2m = w 2 — 6s — t/w. 

Inserting these values into (11 8 ), we get 

(13) w 6 — 12s# + 48s 2 # — t 2 = 0. 

Set w 2 — y 4s. Then 

(14) y* = t 2 - 64s 3 = 27A. 

For the rest of this section, let the field be that of the residues 
of integers modulo p, where p is an odd prime 3j + 2. Since 
any integer e has a unique cube root e~ j modulo p, there is a 
single real root y of (14). 

First, let y + 4s be a quadratic residue of p. Then w is 
real and hence also l and m. The product of the discriminants 
of the quadratic functions (10) is seen by (lli) and (II 3 ) to equal 

(15) (w 2 — 4.1) (w 2 — 4m) — — 3(# — 4s) 2 = — 3 y 2 

and hence is a quadratic non-residue of p. Thus a single one of 
the quadratics (10), say the first, has a discriminant which is a 
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quadratic residue and hence has real roots. By (120, 

4J( W 2 _ 4j) w 2 _ _ 2w & — 6 wH + 3 Gsw* — 4Z 2 + 485^ — 144sW. 

Adding the vanishing quantity (13), we see that 

( 16 ) 4 l(w 2 — 4:l)w 2 = — 3 (w 3 — 8 sw + t ) 2 . 

Since w 2 — 4Z is a quadratic residue and — 3 is a non-residue 
of p, it follows that Z is a non-residue. Hence a single one of 
the roots of the first quadratic (10), and hence a single one of 
the roots of the quartic (3), is the negative of a quadratic residue. 
Thus just two of the inflexion points (9) are real. 

Next, let y + 4s be a quadratic non-residue of p. Then there 
is no factorization of the quartic (3) into real quadratic factors. 
Nor is there a real linear factor k — r and a real irreducible 
cubic factor. For, if so, the roots of the latter are of the form 
X, X p , (cf. the first foot-note p. 37). Then 

(r— X) (r — X p ) (r—\ pS ), P= (X-X^-X^’-X)®?* (mod p) 

are real, so that the discriminant of (3) is a quadratic residue. 
But this discriminant was seen to be — 3(81A) 2 , and — 3 ‘is a 
non-residue. Hence (3) is irreducible modulo p. Thus (1, 0, 0) 
is the only real inflexion point. 

For p = 3j + 2 > 2, a cubic (1) with stA =j= 0, has exactly 
three real inflexion points or a single one according as the real 
number 3A* + 4s is a quadratic residue or non-residue of p. 

7. Cubic with stA 4= 0, p = 3j + 1. — Now — 3 is a quadratic 
residue of p and there are three real cube roots 1, co, w 2 of unity 
modulo p. 

In this section we shall assume that A is a cube modulo p. 
Then there are three real roots yi of (14). At least one of the 
yi + 45 is a quadratic residue of p since 

II (Vi + 45) = ^i 8 + 645 s = f, 

i=l 

If yi + 45 is a quadratic residue, while yi + 45 and y 3 + 45 
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are non-residues, there is a single factorization of quartic (3) 
into real quadratics (10) and hence certainly not four real roots. 
The product (15) of the discriminants of the real quadratic 
factors is now a quadratic residue of p. If each were a residue, 
there would be four real roots. Hence each is a non-residue and 
there is no real root. There is a single real inflexion point if 
p — Sj + I* stA 4= 0, A is a cube , and if the three values of 3A*+ 45 
are not all quadratic residues of p. 

Next, let each yi + 45 be a quadratic residue of p. Then there 
are three ways of factoring quartic (3) into real quadratics (10). 
But a root common to two distinct real quadratics is real. Hence 
all four roots are real. The discriminant of each quadratic (10) 
is therefore a quadratic residue of p. Hence, by (16), l is a 
quadratic residue of p; similarly for the constant term of each 
quadratic factor. Thus the negatives of the four roots are all 
quadratic residues or all non-residues. 

To decide between these alternatives, we need the actual roots. 
In w,' 2 = i/i + 45, let the signs of the wt be chosen so that 

P — Wik + m< = 0 (i = 1, 2, 3) 

have a common root. As in (12), 

2 nii = w» 2 — 65 — tfw{. 

For e =# 1, we find by subtraction and cancellation of Wi — w e 
that 

2k = Wi + w e + t/(wiw c ). 

Comparing the results for e = 2 and e = 3, we get 
(17) WiWtfJOz = t. 

Hence* the roots of (3) are 

£(wi -f- ^2 Hh W3), §(wi — W2 — W3), 

QQN 

!(— Ml + Wi — wf), i(— Wi — Wi + wf). 

The product of the first and ( i + l)th roots is seen to equal 
* In particular, we have deduced Euler’s solution by the method of Descartes. 
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and hence is a quadratic residue. For given values of p, s, t, 
we can readily find by a table of indices the real values of the w { 
and thus a real root and hence decide whether or not it (and 
hence each of the four roots) is the negative of a quadratic 
residue. 

However, changing our standpoint, we shall make an explicit 
determination of all sets s, t for which the quartic (3) has four 
real roots each the negative of a quadratic residue of p. 

By the definition of the w?, or direct from (13), 

(19) 2wi 2 = 12s , 2m?i 2 W2 2 = 48s 2 , — ft. 

Let a be a fixed integral root of w 2 + w + 1 s 0 (mod p). Then 
0 = (12s) 2 - 3 (48s 2 ) - 2W - Hw x W 
= ( wi 2 + ww 2 2 -f coW)(wi 2 + wV + cow 3 2 ). 
Interchanging and w 3 , if necessary, we have 

(20) Wi 2 + cow 2 2 -j~ co 2 w 3 2 = 0 (mod p). 

Conversely, if the w? are any quadratic residues satisfying 
(20) and if we define s and t by (19i) and (17), we obtain a quartic 
(3) with the four real roots (18). If we permute w h w 2 , w s 
cyclically we obtain solutions of (20) leading to the same s and 
t and to the same four roots (18). 

Our first problem is therefore to find all sets of solutions of 
(20). To this end it is necessary to treat separately the cases 
- 1 a quadratic residue and - 1 a non-residue; viz., p = 12g-f 1 
and p = 12q -f 7 (since already p = 3j -f 1). 

First, let p = 12q + 1. Then - 1 s ** (mod p), where i is an 
integer. Set 

2p = w%~ icow 3} 2<r = wi + icow 3 . 

Then (20) becomes 

4p<r = — w«;2 2 = (iccPwz) 2 , 

so that per must be a quadratic residue. Hence we may take 
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<r = pi 2 , where p and l are integers not divisible by p. Then 

(21) wi — p( 1 + Z 2 ), W‘i = 2iwpl, wz = Zoo 2 p(l — l 2 ). 

We must exclude the values of Z which lead to equal values of 
two of the wi 2 , and hence to equal yfs, since the roots of (14) are 
incongruent. Now if any two of the w ? in (20) are congruent, 
all three are congruent. But Wi 2 = w 2 2 implies 

1 + l 2 = db 2 ZcoZ, (l =f Zoo) 2 ss oo 4 , l = db Zoo + eu> 2 ( e 2 =s 1). 

The values l 2 s 0, ± 1 make one of the Wi = 0. Hence we must 
exclude the 9 incongruent integral values of Z: 

(22) Z = 0, =t 1, db % co 2 d= Zoo, — co 2 db Zco. 

Using the values (21), we get 

(23) 125 « p 2 { (1 - co)(l + Z 4 ) - 6co 2 Z 2 }, t = 2p 3 Z(Z 4 - 1), 

/ iul \ 2 

(24) ^(wi "I" -j” w>g) — |p(l “h Zoo 2 ) ( 1 + ) • 

To make the negative of the last a square, we must take 

(25) p = — 2(1 + Zco 2 )r 2 (r 4 s 0). 

Now 5, given by (23), is zero only when 

(26) l ~ co db Zoo 2 , — co =b Zoo 2 . 

The desired sets s, t are given by (23) and (25), where r is any 
integer not divisible by p, while l vs any one of the p — 13 positive 
integers < p not congruent modulo p to one of the 13 incongruent 
integers (22), (26). The minimum p is 37. 

Second, let p - I2q + 7. Then X 2 = — 1 (mod p) is irre- 
ducible. Its roots i and — i = i p are Galois imaginaries. Set 

(27) tt = p + 1, or = p — 1. 

There exists a linear function R of i with integral coefficients 
such that R v<r = 1, while no lower power of R is unity. Any 
function of i is zero or a power of R and any integer is a power of 
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R v , a primitive root of p. Hence we may set 

co 2 W2 = R**, Wi + o>w 3 i = R e , Wi — u>Wsi = R pe , 
where 0 ^ 17 < <r, 0 < tct. Then (20) is equivalent to 

R ne + R 2vrt = 0, ire = 2i rq + ^ira (mod ircr). 

The last condition is equivalent to 

(28) e = 2 t] a/2 jcr (0 ^ j < ir). 

We have 

w 2 = o}R«\ 2wi = R e 4- R^, 2w 3 = - iu\R e - R pe ), 

2 co 2 2wi = 2R Kr} + (co 2 — ioi)R e + (co 2 + iu)R pe , 

(co 2 — ioi) (co 2 + ico) — — l, 

(29) 

(co 2 - ico)* = - 1, co 2 - = jR '" 2 (/ odd), 

2co 2 2w 1 = 2#^ -f R e+f,rJ 2 - R pe ~^ 12 

— j R’rW-(/+i)y2]^w+p(/+i)/2 _j_ j^^;H-(/+i)/2)2 > 

The last binomial is its own pth. power and hence is real. We 
desire that the root shall be the negative of a quadratic 
residue and hence a non-residue. Since R w is a primitive root 
of p, the condition is that j — (/ + l)/2 shall be odd: 

(30) / = 21 - 1, j - l = odd. 

We must exclude the values making w % 2 — w 2 2 : 

0 = 2R a ! 2 (w 1 =f w 2 ) = R^+r+j" =p 2wR nri+ ' r 12 — R 2pr >-j ff , 
the second term having been simplified by use of 
R™ 12 = - 1, R?' = R~\ 

Completing the square of the first two terms, we get 

(^+<T(/+ J)/2 -p uR^-vlVy SB ( w 2 _J_ 

Now co 2 + 1 = — co = (czco 2 ) 2 , where c = 1 or — 1. Hence 
#!+*(/+!) /2 = (dfcco+ (Au?)RW~*il 2. 


But 

(31) 
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(to + SCO 2 ) (to ico 2 ) — 1, CO + 'i'co 2 = 

W - ico 2 = - Hr"* I* (v odd). 

Hence we must exclude the four cases in which 

(32) rj =3 j + v + 1), i + |(=b^ + 7r+l) (mod w), 

these four values being incongruent. 

No one of the w * s in (29) is zero, since e is odd by (28), so that 
e 4 s 0, 7r/2 (mod ir). By (19i) and (17), 

48,9 = (1 - a>)(R u + m*) + 6co 2 il 2 ^, 

(33) it = - iR^R** - R?*>*), 

Finally, we must here exclude the cases in which $ = 0. 
Combining 2wi 2 = 0 with (20), we obtain the necessary and 
sufficient condition w i 2 = cow 3 2 for 5 = 0. But w\ = =fc co 2 w 3 , 
in connection with (29), gives 

jR«(l ± zco) = R pe (— 1 =b «o), jR a (co =fc zco 2 ) 2 = J7 pe . 

Thus, by (31), the condition is that e =b w = pe (mod 7r<r) or 
5 = =fc« (mod tt) . Then, by (28), y is congruent modulo 7r 
to one of the values (32) decreased by ir/i. Hence the desired 
sets s, t are given by (33), subject to (28), in which the 8 incongruent 
r]’s given by (32) and those values decreased by tt/4 are excluded. 
In particular , p > 7. 

For p — 19, the only admissible pairs are 

5 = 2*2 2 *, t = 6(— 2) 3 * (I = 0, 1, ■••,8). 

For any Z, the negatives of the roots of quartie (3) are the products 
of — 3 33 4 2 , 4, 7 ss 8 2 , — 8 ss 7 2 by (— 2) 2 and hence are quad- 
ratic residues of 19 since — 2 = 6 2 . 

For p = 31, the only pairs are 

5=3 2 ‘, tf=5(-3) 8 *; 5=-3 21 , Z=13(—3) 81 (l = 0, • • ., 15), 

the negatives of the roots of (3) being the products of 7, — 11, 
- 12, — 15 and — 3, 5, 9, — 11, respectively, by (— '8)\ and 
hence are quadratic residues of 31. 
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8. Case p ~ 3j + 1, stA =f= 0, A not a Cube . — The roots of (14) 
are now Galois imaginaries y, y p , y*\ As at the beginning of § 7, 

f « (y + 4s) (y p + 4 s)(y pS + 4s) m (y + 4 s) 1+p+p \ 

Raise each member to the power (p - l)/2. We see that y + 4s 
is the square of an element, say w, of the Galois field of order p 3 . 
The first root (18) is %(w + w p + w p *) and equals its own pth 
power, and hence is real. This is not true of the remaining roots 
(18), since w p 4= w, or since a real quadratic factor would imply 
that w is real. Hence the quartic has a single real root. 

For p = 7, the only cases in which the negative of the single 
real root is a quadratic residue are t = — 1 or 3, s = — 1, — 2, 3; 
t = 2, s arbitrary =1= 0. For p = 13, the only cases are 

±*=4,5,6; $ = - 1, - 3, 4 (s 3 = - 1); 

± < = 1, 5, 6; s — 2 f — 5, 6 (s 3 m 5); 

and ± * = 3, - * equals one of the preceding six values of s. 

9. Cubic with t = 0, s + 0.— In this case, (3) becomes 

(F - 3s) 2 = 12s 2 . 

If there be a real root h, 3 is a quadratic residue of p, and 
F = Is, 1= 3 ±2^3. 

First, let p = 3j + 2, so that — 3 is a quadratic non-residue of 
p. Then - 1 must be a non-residue of p and hence p = 12r+ 11. 
The product of the two I’s is — 3, so that a single value of F is 
a quadratic residue. Since the two real Fs are of opposite sign, 
there is a single real root Jc whose negative is a quadratic residue. 
For t = 0, s 4= 0, and p = 12r + 5, there is a single real inflexion 
point; for p— 12r + 11, there are just three real inflexion points. 

Finally, let p = 3 j + 1> so that — 3 is a quadratic residue of p. 
If p = I2r + 7, then 3 is a non-residue, and there is no real h 
and hence a single real inflexion point. If p = 12r + 1, the 
four roots h are all real or all imaginary. For p = 13, F = — 2s 
or — 5s, and — k is a quadratic residue if and only if N 1, 
= 8, 5 = 2, 5, 6. For p = 37, F = — 45 or 105, and — k 
is a residue if and only if 5 9 = 1. 


The end 
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s '® x8 - S154 Paperbound $ 1.35 

K “ nratl , Kn °PP- With volume II, this book provides coverage 

Dlexvariahip Ce mtP(rra^ nf 1 fl 0r rml+i«H ar ^ a J C0 Jl tents ‘ numbers and points, functions of a com- 
piex variaoie, integral of a continuous function, Cauchy s integral theorem Cauchv's integral 

continuation r, a 6 nd W com S> ex P ansl ° n i! of analytic functions in power series, analytic 

Laurent 3 expansion ° tvnpf 1 nf d cinmfia ?+- of EV " " ' : ent , ire transcendental functions, 

Laurent expansion, types of singularities, . .. * «, vii + 146pp, 53/a x 8. 

S156 Paperbound $ 1.35 
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THEORY OF FUNCTIONS, PART II, Konrad Knopp. Application and further development of 
general theory, special topics. Single valued functions, entire, Welerstrass, Meromorphlc 
functions. Riemann surfaces. Algebraic functions. Analytical configuration, Rlemann surface. 
Bibliography. Index, x -I- ISOpp. 5% x 8. S157 Paperbound $1.35 

PROBLEM BOOK IN THE THEORY OF FUNCTIONS, VOLUME 1, Konrad Knopp. Problems in ele- 
mentary theory, for use with Knopp's THEORY OF FUNCTIONS, or any other text, arranged 
according to increasing difficulty. Fundamental concepts, sequences of numbers and infinite 
series, complex variable, integral theorems, development in series, conformal mapping. 182 
problems. Answers, viil | 126pp. t>% x 8. S158 Paperbound $1.35 

problem BOOK IN THE THEORY OF FUNCTIONS, VOLUME 2, Konrad Knopp. Advanced theory 
of functions, to bo used either with Knopp’s THEORY OF FUNCTIONS, or any other com- 
parable text. Singularities, entire & meromorphlc functions, periodic, analytic, continuation, 
multiple-valued functions, Rlemann surfaces, conformal mapping. Includes a section of addi- 
tional elementary problems. "The difficult task of selecting from the immense material of the 
modern theory of functions the problems Just within the roach of the beginner Is here 
masterfully accomplished," AM. MAIN. SOC. Answers. 138pp. 5% x 8. S159 Paperbound $1.35 


A COURSE IN MATHEMATICAL ANALYSIS, Edouard Goursat, Trans, by E. R. Hedrick, 0. Dunkel. 
Classic study of fundamental material thoroughly treated. Exceptionally lucid exposition of 
wide range of subject matter for student with 1 year of calculus. Vol. l; Derivatives and 

Pc*'”jte Integrals, Expansion in Series, :o Geometry. Problems. 

■ .■ .2 ..3Gpp. Vol. 2, Pat .< '..i-.,ibii!. Conformal Repre- 

. Periodic Functli ■ ' : . !-.sx. 38 lllus. 

7 ■ ■ 2s Differential . . v- . : \ Differential 


Equations, Simultaneous Equations, .! . > ■. 

*ui. l Ju j*", i’aputbound $2.50 
Vol. 2 part 1 S555 Paperbound $1.85 
Vol. 2 part 2 S55C Paperbound $1.85 
3 vol. set $6.20 


MODERN THEORIES OF INTEGRATION, H. Kostolman. Connected and concrete coverage, with 
fully-worked-out proofs for every stop. Ranges irom uicnumUy delmiliens through theory 
of aggregates, sets of points, Riemann and Lobesguu mtegi.ilion, and much more, This new 
revised and enlarged edition contains a new chanter on ltieiii .11111 Stiuitjes integration, as well 
as a supplementary section of 186 exorcises. Ideal for the mathematician, student, teacher, 
or self-studier. Index of Definitions and Symbols. General Index. iJ-.uiiog-aMiv. x -! 310pp. 
5% X 8%. SS72 Pape: bound $2.25 


THEORY OF MAXIMA AND MINIMA, H. Hancock. Fu" 

- ■■ ■ ...in, Hi U ,.nc s i yn 0 ( maxima and m 

s ■ .. :-tralnts, and relevant 

: : ... . : . Schaeffer and von .. 

forms, „■ ■ '■■■ aclous estah'lsh-ncrl 

treatise ■■ Of ;-il'-<i!i.s, 

24 dlag :■ S. -1 :■ iy ex.ir;:!c:.. 1 93p,J. i 



of 
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*. •’ - t ever written; only work In 

.1 • : : ■■ of 1, 2, or n variables, 
1 . . Detailed proof of each 

■■■■ : ■ -..-s homogeneous quadratic 
maxima and minima, etc. Unsurpassed 
i.!ii.!s, economists, statisticians. Index, 
x 8. SC6b Papei bound $1.50 


AN ELEMENTARY TREATISE ON ELLIPTIC FUNCTIONS. A. Cayley. Still the fullest and clearest 
text on the ’.■■corns 0 : laccbi .ir.-i ingumiic lui ihc advanced student (and an excellent 
supplement 'cr ti-.u ucg m-u';. a i; l exi:us: i .i::ii oy the great 19th century British 

mathematician uui-Hter cl im: t^-my of :ra!i u.cs ar.d abstract geometry), it covers the 
addltlon-theo v, i.aodim'i inctii :uo k r.ds of i-i!:n::;: integrals, transformations, the 
q-functlons, rud.ic. u; of a diiicuei’i a; expression, and much more. Index, xli + 386pp, 5% x 8, 

S728 Paperbound $2,00 


THE APPLICATIONS OF ELLIPTIC FUNCTIONS, A. G. Oraenhllf. Modern books forego detail for 
sake of brevity this book offers complete exposition necessary for proper understanding, 
use of elliptic Integrals. Formulas developed from definite physical, geometric problems; 
examples representative enough to offer basic Information n widely usuabfc farm. Elliptic 
Integrals, addition theorem, algebraical form of addition thnerer, dilute integrals of 2nd, 
3rd kind, double periodicity, resolution Into factors, series, trar.ifomai on. etc. introduction. 
Index. 25 lllus. xl + 357pp. 5% X 8. SGC3 Paperbound $1.75 


THE THEORY OF FUNCTIONS OF HEAL VARIABLES, James Pierpont. A 2-volume authoritative 
exposition, by one cl the lo-cn'o-.t mathematicians of his time. Each theorem stated with 
all conditions, then followed by proof. No need to go through complicated reasoning to dis- 
cover conditions added without specific mention. Includes a particularly complete, rigorous 
presentation of theory of measure; and Plerpont's own work on a theory of lebesgue 
Integrals, and treatment of area of a curved surface. Partial contents, Vol. li rational 
numbers, exponentials, logarithms, point aggregates, maxima, minima, proper Integrals, 
t.‘t -.Itlple proper Integrals, continuity, discontinuity, Indeterminate forms. 
:.r. .!> .-oper Integrals, series, power series, aggregates, ordinal numbers, 

c -s sub-, Infra-uniform convergence, much more. Index. s>5 illustrations. 
1229pp. 0 % x e, S558-9, 2 volume set, paperbound $ 5.20 
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ELEMENTS OF THE THEORY OF REAL FUNCTIONS, J. E. Littlewood. Based on lectures given at 
Trinity College, Cambridge, this book has proved to be extremely successful in introaucine 
graduate students to the modern theory of functions. It offers a full and concise coverage 
of classes and cardinal numbers, well-ordered series, other types of series, and elements 
of the theory of sets of points. 3rd revised edition, vii + 71pp. 53/a x 8. 

5171 Clothbound $2.85 

5172 Paperbound $1.25 

TRANSCENDENTAL AND ALGEBRAIC NUMBERS, A. 0. Gelfond. First English translation of work 
by leading Soviet mathematician. Thue-Siegel theorem, its p-a J \' : ' . ■ ■■ ■ . ■ 

of algebraic numbers by numbers in fixed algebraic field; ■ . ■ ' 

transcendency of Bessei functions, solutions of other differenti ■ 

theorem on transcendency of alpha to power beta; Schneide - ■ - 

with method developed by Gelfond. Translated by L. F. Bore. 

^ x S615 Paperbound $l!75 

ELLIPTIC INTEGRALS, H. Hancock. Invaluable in work ".■■'v'" ■' equations contain- 
ing cubics or quart; cs under the root sign, where . . . . : - lethods are inadS 

d, uate - Practical solutions to problems that occur . -.jineering physics" 

differential equations requiring integration of Land's, -i . ■ ; equations* deter^ 

mination of arc of ellipse, hyperbola, lemniscate; solutions of problems in elastic^ motion 
°. a a Projectile under, resistance varying as the cube of the velocity; pendulums; many 
others. Exposition is in accordance with Legendre-Jacobi theory and includes rigorous dls 
cussion of Legendre transformations. 20 figures. 5 place table. Index. 104pp. sTx 8. 

S484 Paperbound $1.25 


ra|M ON THE THEORY OF ELLIPTIC FUNCTIONS, H. Hancock. Reissue of the only book 
in English with so extensive a coverage, especially of Abel, Jacobi, Legendre, Weierstrasse 
e, t ant ^.n tPi 11, y. nusual fullness of treatment, plus applications as well as 
nf 6 ahii n a nrf ,s< i ussi h n -? e A! ^° function (the universe of elliptic integrals originating in works 
nrm/iHa J ac + b the r J? xis t ence > and ultimate meaning. Use is made of Riemann to 

provide the most general theory. 40 page table of formulas. 76 figures, xxiii + 498pp 

S483 Paperbound $2.55 

I HE w TH u E n°hcL fl n D ACTIONS OF A REAL VARIABLE AND THE THEORY OF FOURIER’S SERIES, 

.9°® °f the best introductions to set theory and various aspects of functions 
rI!wor a oo r nf s ~ e + as< R j qu j re s only a good background in calculus. Provides an exhaustive 
coverage of: metric and descriptive properties of sets of points; transfinite numbers and 
S l<llls of a rea ) va riable; the Riemann and Lebesgue integrals; sequences 
fnnntinnc 8 P°. wer ' s . eries > functions representable by series sequences of continuous 

^notions; trigonometrical series; representation of functions by Fourier’s series; complete 
!a P °H S n^ ( 20 °PP-) on set theory; and much more. "The best possible guide,” Nature. VoT. I; 

figur^ nL x +^Mon f fiv» re y , q / X ‘ xv + 736pp ‘ VoL "s . 117 detailed examples, 13 
Tigures. index, x + 780pp. 6Yb x 91/4. Vol. Ii S387 Paperbound $3.00 

Vol. II: S388 Paperbound $3.00 

PERIODIC FUNCTIONS, A. S. Besicovitch. This unique and important summary bv a 

almost ° per 10^ Unctions - C °m rS aif f etail the ll tw l ? stagas °* development in BohrTtheory of 
almost perioaic functions.* (i) as a generalization of pure periodicity with results and 

EHbl°iograpta th xi 'TVodd 5% S x eP 8 n0ff ’ Wiener ’ and Bohr ia generalizing the theory. 
HiDiiograpny. xi + 180pp. 53/a x 8. S18 p ape rbound $1.75 

ISti caI ,A Dhy T sics L ii” listld °in thaVo 0 t eP R h F , ourier - This bo ° k - which revolutionized mathe- 
i*"u ' i ? 1 9 s » the Great Books program, and many other listings of proat 

interested H ?n by generations of mathematicians and physicists who are 

reflection of ravs^of h heJt rJi a nt h h o a a P Kil Cat h 0 n t: 0f th f e f our i er inte eral. Covers cause and 

iinn? ti,i« understanding of Fourier methods in a broad sense, suitable for most anoiira- 
fnr nS pnrmii S ov W0 / r ^ cover f complex qualities with methods of computing elementary functions 

a-aisa; sswas- ISS 

f 2,!“. ssf'xT 

S452 Paperbound $2.00 
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/S S272 Paperbound $1.50 
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INTRODUCTION TO THE THEORY OF FOURIER’S SERIES AND INTEGRALS, H. S, Carslaw. 3rd 

edition. This excellent Introduction is an outgrowth of the author’s courses at 
ramhrldee Historical introduction, rational and Irrational numbers, infinite sequences and 
sprlfis functions of a single variable, definite Integral, Fourier series, Fourier integrals, and 
similar toDlcs. Appendixes discuss prncf'ra! iimmoni., analysis, poriodogram analysis. Lebes- 
gue's theory. Indexes. 84 examples, !>:h:i::g i .!fi. , iy. xi 3(»8pp. 5% x 8. 848 Paperbound $2.25 

FOURIER'S SERIES AND SPHERICAL HARMONICS, W. E. Byorly. Continues to be recognized as 
nna of most practical, useful expositions. Functions, series, and their differential equations 
are concretely explained in great detail; theory is applied constantly to practical problems, 
which are fully and lucidly worked out. Appendix Includes G tablos of surface zonal har- 
monics. hyperbolic functions, Bessel’s functions. Bibliography. 190 problems, approximately 
half with answers, lx + 287pp. 5% x 8. S536 Paperbound $1.75 


INFINITE SEQUENCES AND SERIES, Konrad Knopp, First publication in any language! Excel- 
"... . r ii rr . 4« 2 topics of modern dr- pnod to give the student back- 

' ■' farther by himself. : ... ■■ ■■■ ^ . real & complex numbers, etc. 

, m & complex variable ■■ ■ .■■■-. >. : os. Infinite series. Convergent 

nower series. Expansion of elementary .. . >. - ..i evaluation of series. Bibliog- 
raphy. v + 186pp. 5% x 8. S153 Paperbound $1.75 


TRIGONOMETRICAL SERIES, Antoni Zygmund. Unique In any language c 
level. Contains caroful) - .' ■■ ‘ Hgonomotric, orthogonal, 

functions, with clear :■■■ • « : ' ■ . iummnblllty of Fourier 

theory, conjugate serlc- ■■ ■ : ■■■ of lourlor series, c * , ' 

Russian, Eastern European coverage, Bibliography. 329pp. 54k x 8. 


on modern advanced 
Fourier systems of 
series, proximatlon 
Especially valuable for 
S290 Paperbound $2.00 


DICTIONARY OF CONFORMAL REPRESENTATIONS, H. Kobe: 
solved in this unique book developed by the British :■ 
& their transformations for electrical engineers, .■ 

Schwarz-Christoff : ‘ ! Jr"'" tt’r— f '■ 

classified accorc g : : .■ ■■..■ fun . ■ ■ : 

curves of most t '.rs" til • n '--i 

diagrams. 244pp. i : u ' .V;. 


: a ‘ ■ . .ttlon In 2 dimensions 

■i x i.'i's of geometrical forms 

■■■.■> ,.i' fur aeiodynamist:.. 

anscendorital !;;ni turns. Cm-.iiuits 
. isformatlor T ■■■■■“ d'or.r"*: show 
.. Glossary. .i.g .i 447 

81: ■; ■ c $2,00 


CALCULUS Of variations, a. R. Forsyth. Methods, solutions, rather than determination of 
weakest c.::... ..zer 150 examples completely worked-out show use of Euler, 

Legendre. I; ' ■: ■. tests for maxima, minima. Integrals with ene original do- 

eendent .:■■;= ■. - ..stives of 2nd order; two dependent variables, one independent 

variable; double Ictegm s involving i dependent variable, 2 first derivatives; double integrals 
involving partial derivative!; of 2nd order; triple Integrals; much more. 50 diagrams. 6/flpp. 


5% x 8%. 


$022 Paperbound $2,95 


LECTURES ON THE CALCULUS OF VARIATIONS, 0. Delia. Analyzes In detail the fundamental 
concepts of the calculus of varl ■: ■■ .n • f ..er to Hilbert, with sharp formu- 
lations ■ .. :. ■: ”s >, .1 ft...... v.'.r. ;■ ^ r solutions. More than a score 

nf sob- .:’r r'. n ■ im: 11 free-. Covers the necessary and sufft- 


of sob-, 
cient ■ 

Legenc .. .. 
271pp. 54k x 8. 
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Covers the necessary and suffi- 
■ ... i .. i! ■ 'i 1 ■■•Raymond, Hilbert, Weierstrass, 

and Gauss; and much more. Index, Bibliography, xi 4- 
S218 Paperbound $1.88 


A TREATISE ON THE CALCULUS OF FINITE DIFFERENCES, 0. Deole. A classic In the literature 
of the calc..'. ?. ?. u :'r^ v :!'s"-.f: , ; , on of basic principles, theorems, methods. Covers 

MacLaurin’s a- : ■■■■:. «• -uchanlcal quadrature, factorials, periodical constant*., 

Bernoulli’s ■ ..-..rs :: c-..ii-e;.. a*... ':■■■. (linear, mixed, and partial), etc. Stresses anal- 
ogies with : ‘fee : .i ams, answers to the numerical one?,, vni i- .mpo. 

5% X 8. SB95 Paperbound $1.85 
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